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Abstract We study statistical properties of human-generated permutations via a questionnaire investigation

which was conducted at Osaka University of Pharmaceutical Sciences. There is a natural expectation

that it is impossible to look upon human-generated permutations as random samples from the symmetric

group. However, we find both evidences for and against this expectation.

Key words — Fourier analysis; human-generated; Kullback-Leibler divergence; permutation; power spectral

density; symmetric group; total variation distance; uniform distribution;
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4.1
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V
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1 92 189 2 283
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4 47 147 0 194
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0 1 11 12

294 732 14 1040

3 4 ,

.

,
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) .

4.1.2 ∅

1040 , I, II, III, IV 4
6 875 , I,

II, III, IV 1 6 (
∅ ) 165 .

, I, II, III, IV 4 , 1
151 , 2

13 , 3 , 4
1 . 2

IV . I, II,
III, IV , , 1040

( ) .

(%)

I 7 0.6731
II 52 5.000
III 12 1.154
IV 110 10.58

IV . 2

z ( ) ([4]

6 6.19) , a b

(a, b =I, II, III, IV, a ̸= b)
6 p (a, b) = (I,III) 0.2249

, 2 p

1.209× 10−6 .

, {I,III} {II} {IV}
.

. V
, V . /

( )/( ) .

/

I 5 2 0 2.500
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III 3 8 1 0.3650
IV 27 80 3 0.3375

I /
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(352641) 12 4
(425631) 11 5
(654321) 11 5
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7I .
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0.6218, 0.5258 .
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σI(1), 2 σI(2)

. , II ,

σII(1),
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, II σII(1) ,
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S6 , i = 1, . . . , 6 σ(1) = i
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D 4-6 .

I, II, III, IV ∅
( D 4-7

4-10) . 4-6

, S6( 4-6) III( 4-9) . 4-6

4-10 5
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4-6(S6) 4-9(III) (

p 0.2347). id

( D 4-11
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S6 4-6 . D
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∅ .
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p 0.01 S6 II
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10S6 4-1 4-1 4-5 , 4-1 720 1
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11 id S6 1 120 119 , 4-6 1 120

119 , p 0.4873 (p 0.01 4-6( 1 119 )
4-13(III) ).

12 6 119 , 4-6 6 120 119
p 0.05194 .
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2
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|PD{σ} − PU{σ}|

. dTV(D) . ,

PD S6 D , PU S6

. D (S6
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PD{σ} =
D σ

D

PU{σ} =
S6 σ

S6
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, -
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. , KL
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)

.
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PD{σ} log
PD{σ}
PU{σ}
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750 0.3673 ± 0.01107 0.5516 ± 0.02126

.

∅
dTV/µTV,N dKL/µKL,N
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II 1.295 1.889
III 1.387 1.972
IV 1.615 3.640
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a, b

)(
1

|S6|

)a (
1

|S6|

)b ( |S6| − 2

|S6|

)N−a−b

if τ ̸= κ

. (
N

a, b

)
=





N !

a!b!(N − a− b)!
if min(a, b,N − a− b) ≥ 0

0 otherwise

. g(X) V [g(X)]

V [g(X)] = E[g(X)2]− E[g(X)]2

= |S6|(|S6| − 1)

N∑
a=0

N∑
b=0

(
N

a, b

)(
1

|S6|

)a (
1

|S6|

)b ( |S6| − 2

|S6|

)N−a−b

h
( a

N

)
h

(
b

N

)

+ |S6|
N∑

a=0

(
N

a

)(
1

|S6|

)a ( |S6| − 1

|S6|

)N−a

h
( a

N

)2

−

(
|S6|

N∑
a=0

(
N

a

)(
1

|S6|

)a ( |S6| − 1

|S6|

)N−a

h
( a

N

))2

. dTV(D
U
N ) dKL(D

U
N ) h(fσ(τ)) =

1

2

����fσ(τ)−
1

|S6|

���� h(fσ(τ)) =

fσ(τ)log
fσ(τ)

1/|S6|
V [g(X)] .

22fσ(τ) = 0 fσ(τ) log(fσ(τ)/(1/|S6|)) 0 . a = 0 a = 1
. .
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C

, Sn , Sn

. [10] , .
[11][12] .

C.1

G 2 ◦ , ∀g1, g2 ∈ G g1 ◦ g2 G .
∀g1, g2, g3 g1 ◦ (g2 ◦ g3) = (g1 ◦ g2) ◦ g3 ( ) . G
, , G e , ∀g ∈ G e ◦ g = g ◦ e = g ,

∀g ∈ G g g−1 ∈ G ∀g ∈ G g−1 ◦ g = g ◦ g−1 = e .
, G . G , G . n

Sn , (σ1 ◦ σ2)(i) = σ1(σ2(i)) n
. id σ ∈ Sn σ−1 .

2 ◦ G 2 • H ρ : G → H , ∀g1, g2 ∈ G
, ρ(g1 ◦ g−1

2 ) = ρ(g1) • (ρ(g2)−1) ρ G H .
, ρ G H . H d

GL(d,C) , ρ : G → GL(d,C) G , G
H . G ,

ρ(g) , ρ(g)T ρ(g)−1 ,
.

, G . , ◦ • . d
ρ : G → GL(d,C) ρ′ : G → GL(d,C) , g ∈ G C ∈ GL(d,C)

∀g ∈ G Cρ(g)C−1 = ρ′(g)

, ρ ≃ ρ′ ρ ρ′ .
, ρ : G → GL(d,C) , d1 + d2 = d, (d1, d2 ) ρ1 : G → GL(d1,C)
ρ2 : G → GL(d2,C) ,

∀g ∈ G ρ(g) =

(
ρ1(g) Od1×d2

Od2×d1 ρ2(g)

)

ρ = ρ1 ⊕ ρ2 , ρ ρ1 ρ2 .
ρ 2 ρ1, ρ2 (ρ ≃ ρ1 ⊕ ρ2) ,

. ; G R
, ρ1 ≃ ρ2 . . l

, ρ1, ρ2, . . . , ρl , G ρ

ρ ≃ ρ1 ⊕ · · · ⊕ ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρ2 ⊕ · · · ⊕ ρl ⊕ · · · ⊕ ρl

, ρi ( ) ( ) ( ).
G L(g) , g1, g2 ∈ G |G| |G|

g , L(g) g1 g2 g1 = gg2 1, 0 .
, ρ1, ρ2, . . . , ρl .

C.2

,
. , 2 f : G → C h : G → C ,

⟨f, h⟩ :=
∑
g∈G

f(g)h(g) (6)
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(
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Od2×d1 ρ2(g)

)
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ρ 2 ρ1, ρ2 (ρ ≃ ρ1 ⊕ ρ2) ,

. ; G R
, ρ1 ≃ ρ2 . . l

, ρ1, ρ2, . . . , ρl , G ρ

ρ ≃ ρ1 ⊕ · · · ⊕ ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρ2 ⊕ · · · ⊕ ρl ⊕ · · · ⊕ ρl

, ρi ( ) ( ) ( ).
G L(g) , g1, g2 ∈ G |G| |G|

g , L(g) g1 g2 g1 = gg2 1, 0 .
, ρ1, ρ2, . . . , ρl .

C.2

,
. , 2 f : G → C h : G → C ,

⟨f, h⟩ :=
∑
g∈G

f(g)h(g) (6)

. ρ1 G , ρ1(g)s1,t1 ρ1(g) s1 t1 ,
g ∈ G ρ1(·)s1,t1 : G → C . ρ2 ρ2(·)s2,t2

. , .

5 ( ). ρ1, ρ2 G , ρ1 ̸≃ ρ2
⟨ρ1(·)s1,t1 , ρ2(·)s2,t2⟩ s1, t1, s2, t2 0 . , ρ1 = ρ2 = ρ , ⟨ρ(·)s1,t1 , ρ(·)s2,t2⟩

s1 = s2 t1 = t2 |Sn|/d ( , d ρ ) , 0 .

, ρ1, ρ2, . . . , ρl , ρi ρj
i ̸= j , i = j , . ρi di ,

ρi(·)s,t
∑l

i=1 d
2
i ,

∑l
i=1 d

2
i = |G| . ,

{f : G → C} , f : G → C

f(g) =

l∑
i=1

∑
1≤s,t≤di

di
|G|

⟨
f, ρi(·)s,t

⟩
ρi(g)s,t (7)

.
f̂(i) :=

∑
g∈G

f(g)ρi(g) (8)

, f̂(i) di di , s t
⟨
f, ρi(·)s,t

⟩
, A = (ast)

B = (bst)
∑

s,t astbst = tr(ABT ) , (7)

f(g) =

l∑
i=1

di
|G|

tr
(
f̂(i)ρi(g)T

)
(9)

. (8) f , (9) .

C.3

, G = Sn .
, f : Sn → R

, (6), (7), (8), (9) .
Sn 2 .

(i) τλ
σ ∈ Sn , λ

τλ(σ) . T, T ′ λ , τλ(σ) T T ′

τλ(σ)T,T ′ = 1 [σ(T ′) = T ] (10)

. f : Sn → R , τλ (8)
,

∑
σ∈Sn

f(σ)τλ(σ) =

( ∑
σ∈Sn

f(σ)1 [σ(T ′) = T ]

)

T,T ′

= (P (σ(T ′) = T ))T,T ′ (11)

. n = 6 λ = , x1 ̸= x2 ∈ {1, 2, 3, 4, 5, 6}

y1 ̸= y2 ∈ {1, 2, 3, 4, 5, 6} , T =
∗ ∗ ∗ ∗
y1

y2

T ′ =
∗ ∗ ∗ ∗
x1

x2

, σ f

, σ(x1) = y1 σ(x2) = y2 .

, τλ , .
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(ii) ρλ
, ( , n λ ⊢ n) σ ∈ Sn ,

λ ρλ(σ) .
1 n ,

. , ,
ρλ(σ) 1 τλ(σ) . , , λ dλ

. ρλ(σ) t, t′ ρλ(σ)t,t′ , σ x
x+1 (x, x+1) , 1
2 . t, t′ , ρλ((x, x+1)) t

ρλ((x, x+ 1))t,t , t x x+ 1 t′

, ρλ((x, x+ 1))t,t′ .
, ρλ(στ) = ρλ(σ)ρλ(τ) , σ ∈ Sn ρλ(σ) .

, ρλ Sn , λ ̸= λ′ ρλ ̸≃ ρ′λ 5 ,
(ρλ)λ⊢n Sn . , 5 ,
(8) (9) , G = Sn ρ = ρλ

,

⟨ρλ(·)s,t, ρλ′(·)s′,t′⟩ = 1[λ = λ′]1[s = s′]1[t = t′]
n!

dλ
(12)

f̂(λ) :=
∑
σ∈Sn

f(σ)ρλ(σ) (13)

f(σ) =
∑
λ⊢n

dλ
n!

tr
(
f̂(λ)ρλ(σ)

T
)

(14)

.

2 , τλ
ρλ .

6 ( ). λ ⊢ n , τλ λ′ ⊵ λ ( ) .
,

τλ ≃
⊕
λ′⊵λ

Kλλ′⊕
j=1

ρ′λ, (15)

Kλλ′ ρλ′ (Kostka ) .

, 4.4 1 (11) (13) .

C.4 ,

2 f, h : Sn → R , f ∗ h

f ∗ h(σ) =
∑

σ′∈Sn

f(σ′)h(σ′−1σ)

, f, h f σf h
σh σf ◦ σh f ∗ h ,

.
, ;

f̂ ∗ h(λ) =
∑
σ∈Sn

∑
σ′∈Sn

f(σ′)h(σ′−1σ)ρλ(σ) =
∑
σ∈Sn

∑
σ′∈Sn

f(σ′)h(σ′−1σ)ρλ(σ
′σ′−1σ)

=
∑
σ∈Sn

∑
σ′∈Sn

f(σ′)ρλ(σ
′)h(σ′−1σ)ρλ(σ

′−1σ) =
∑
σ∈Sn

∑
σ′′∈Sn

f(σ′)ρλ(σ
′)h(σ′′)ρλ(σ

′′) = f̂(λ)ĥ(λ).
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f(σ)ρλ(σ) (13)
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dλ
n!

tr
(
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T
)
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6 ( ). λ ⊢ n , τλ λ′ ⊵ λ ( ) .
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τλ ≃
⊕
λ′⊵λ

Kλλ′⊕
j=1

ρ′λ, (15)

Kλλ′ ρλ′ (Kostka ) .

, 4.4 1 (11) (13) .

C.4 ,

2 f, h : Sn → R , f ∗ h

f ∗ h(σ) =
∑

σ′∈Sn

f(σ′)h(σ′−1σ)

, f, h f σf h
σh σf ◦ σh f ∗ h ,

.
, ;

f̂ ∗ h(λ) =
∑
σ∈Sn

∑
σ′∈Sn

f(σ′)h(σ′−1σ)ρλ(σ) =
∑
σ∈Sn

∑
σ′∈Sn

f(σ′)h(σ′−1σ)ρλ(σ
′σ′−1σ)

=
∑
σ∈Sn

∑
σ′∈Sn

f(σ′)ρλ(σ
′)h(σ′−1σ)ρλ(σ

′−1σ) =
∑
σ∈Sn

∑
σ′′∈Sn

f(σ′)ρλ(σ
′)h(σ′′)ρλ(σ

′′) = f̂(λ)ĥ(λ).

, h(σ) = f(σ−1) ,

f ∗ h(σ) =
∑
σ∈Sn

f(σ′)f(σ−1σ′)

, σ = id f ∗ h(id) = ||f ||22 . f ∗ h(id)
, (14)

||f ||22 =
∑
λ⊢n

dλ
n!

tr
(
f̂(λ)ĥ(λ)ρλ(id)

T
)

. , ĥ(λ) = f̂(λ)T ,

||f ||22 =
1

|Sn|
∑
λ⊢n

dλ||f̂(λ)||2F .

3 ( ) .

C.5 4

Sn N > 0 , D : [N ] ∋ j �→ σj ∈ Sn j

σj . D ∈ S
[N ]
n

23,

fD(σ) :=
|{j : D(j) = σ}|

N
(σ ∈ Sn) (16)

. D , DU
N , fD = PDU

N
. ,

D = DU
N .

Xjσ := 1 [D(j) = σ] j ∈ [N ], σ ∈ Sn (17)

,

fD(σ) =
1

N

N∑
j=1

Xjσ (18)

. , , ED

[ �fD(λ)
]
,

ED

[ �fD(λ) �fD(λ)T
]

. tr(AAT ) =
∑

i,j a
2
i,j

2 .

• (D )

∀σ ∈ Sn, j ∈ [N ] ED[Xjσ] =
1

n!
. (19)

• (D )
∀σ, τ ∈ Sn, j ∈ [N ] XjσXjτ = 1[σ = τ ]Xjσ. (20)

, j 2 σ ̸= τ .

• ( ) j1, j2 ∈ [N ] ∀σ1, σ2, Xj1σ1
(Xj2σ2

. ,

j1 ̸= j2 ⇒ ED[Xj1σ1Xj2σ2 ] = ED[Xj1σ1 ]E[Xj2σ2 ] =
1

(n!)2
(21)

.

, D ED .

23 , A,B BA f : A → B .
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C.5.1

E
[�fD(λ)

]
= E


 ∑
σ∈Sn

1

N

N∑
j=1

Xjσρλ(σ)


 =

1

N

N∑
j=1

∑
σ∈Sn

E[Xjσ]ρλ(σ) =
1

N

N

n!

∑
σ∈Sn

ρλ(σ) =
1

n!

∑
σ∈Sn

ρλ(σ)

, s, t λ (12)

∑
σ∈Sn

ρλ(σ)s,t · 1 = ⟨ρλ(·)s,t|ρ(n)⟩ = n!1 [λ = (n)] ,

∑
σ∈Sn

ρλ(σ) = n!1 [λ = (n)] Idλ

,

ED[�fD(λ)] =

{
1 if λ = (n)

0dλ×dλ otherwise
(22)

, .

C.5.2

E
[�fD(λ)�fD(λ)T

]
= E


 ∑
σ1∈Sn

1

N

N∑
j1=1

Xj1σ1
ρλ(σ1)

1

N

∑
σ2∈Sn

N∑
j2=1

Xj2σ2
ρλ(σ2)

T




=
1

N2

∑
(j1,j2)∈[N ]2

∑
(σ1,σ2)∈S2

n

E[Xj1σ1Xj2σ2 ]ρλ(σ1)ρλ(σ2)
T

, (j1, j2) j1 = j2 j1 ̸= j2 , (19)(20) , (19)(21)
, ρλ(σ) (22)

E
[�fD(λ)�fD(λ)T

]
=

1

N2

( ∑
j∈[N ]

∑
(σ1,σ2)∈S2

n

1[σ1 = σ2]

n!
ρλ(σ1)ρλ(σ2)

T

+
∑

(j1,j2)∈[N ]2\∆

∑
(σ1,σ2)∈S2

n

1

n!
· 1

n!
ρλ(σ1)ρλ(σ2)

T

)

=
1

N2

(
N

∑
σ∈Sn

1

n!
ρλ(σ)ρλ(σ)

T

+
∑

(j1,j2)∈[N ]2\∆

1

(n!)2

∑
σ1∈Sn

ρλ(σ1)
∑

σ2∈Sn

ρλ(σ2)
T

)

=
1

N2

(
NIdλ

+N(N − 1)1[λ = (n)]Idλ

)
=

{
1 if λ = (n)
1
N Idλ

otherwise

24. λ ̸= (n)

E
[
tr
(�fD(λ)�fD(λ)T

)]
=

dλ
N

(23)

24 ∆ , S2
6 (σ, σ) .
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N
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1

N

N

n!
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ρλ(σ) =
1

n!
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ρλ(σ)
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∑
σ∈Sn

ρλ(σ)s,t · 1 = ⟨ρλ(·)s,t|ρ(n)⟩ = n!1 [λ = (n)] ,

∑
σ∈Sn

ρλ(σ) = n!1 [λ = (n)] Idλ

,

ED[�fD(λ)] =

{
1 if λ = (n)

0dλ×dλ otherwise
(22)

, .

C.5.2

E
[�fD(λ)�fD(λ)T

]
= E


 ∑
σ1∈Sn

1

N

N∑
j1=1

Xj1σ1
ρλ(σ1)

1

N

∑
σ2∈Sn

N∑
j2=1

Xj2σ2
ρλ(σ2)

T




=
1

N2

∑
(j1,j2)∈[N ]2

∑
(σ1,σ2)∈S2

n

E[Xj1σ1Xj2σ2 ]ρλ(σ1)ρλ(σ2)
T

, (j1, j2) j1 = j2 j1 ̸= j2 , (19)(20) , (19)(21)
, ρλ(σ) (22)

E
[�fD(λ)�fD(λ)T

]
=

1

N2

( ∑
j∈[N ]

∑
(σ1,σ2)∈S2

n

1[σ1 = σ2]

n!
ρλ(σ1)ρλ(σ2)

T

+
∑

(j1,j2)∈[N ]2\∆

∑
(σ1,σ2)∈S2

n

1

n!
· 1

n!
ρλ(σ1)ρλ(σ2)

T

)

=
1

N2

(
N

∑
σ∈Sn

1

n!
ρλ(σ)ρλ(σ)

T

+
∑

(j1,j2)∈[N ]2\∆

1

(n!)2

∑
σ1∈Sn

ρλ(σ1)
∑

σ2∈Sn

ρλ(σ2)
T

)

=
1

N2

(
NIdλ

+N(N − 1)1[λ = (n)]Idλ

)
=

{
1 if λ = (n)
1
N Idλ

otherwise

24. λ ̸= (n)

E
[
tr
(�fD(λ)�fD(λ)T

)]
=

dλ
N

(23)

24 ∆ , S2
6 (σ, σ) .

, ||A||2F = tr(AAT )

E
[
||f̂(λ)||2F

]
=

dλ
N

.
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