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Abstract In 2019, the authors of the current paper conducted a survey research on human-generated per-

mutations [Nagata and Takei, Bull. OUPS 2019]. In the following year, they analyzed the data from

a different perspective and observed that people tend to generate certain types of permutations, then

defined types NAP (nearly arithmetic progression) and pNAP (pseudo-nearly arithmetic progression)

of permutations as mathematical abstractions of such tendency [Nagata and Takei, Bull. OUPS 2020].

Then, in [Nagata and Takei, Bull. OUPS 2021], the number of permutations of these types were bounded

by asserting that the set of the inverse permutations of Sós type, which are defined as the translation

of so-called Sós permutations [Sós, Ann. Univ. Sci. Budapest. Eötvös, Sect. Math. 1958] by a constant,

include the set of the permutations of NAP type and are included in the set of the permutations of

pNAP type. Especially, the authors obtained a lower bound of the number of the permutations of pNAP

type as the number of the permutations of Sós type whose explicit formula is obtained from the number

of Sós permutations in [Surányi, Ann. Univ. Sci. Budapest. Eötvös, Sect. Math. 1958], [Shutov, Cheby-

shevskii Sb. 2014], [Bockiting-Conrad, Kashina, Petersen and Tenner, Amer. Math. Monthly 2021], with

the assertion by computer experiments that the set of the inverses of Sós type-permutations is indeed

the same as the set of the permutations of pNAP type as long as the degree n of the permutations is

not greater than 50. Thus, a remaining problem of major interest is bounding the number of pNAP

permutations from above. In this paper, we address this problem. One of our results is that pNAP and

the inverses of Sós permutations satisfy essentially identical recurrence relation. It gives immediately an

upper bound (n− 1)n2 of the number of permutations of pNAP type. We note that the upper bound is

of the same order in n as the lower bound, the number of the inverses of Sós type-permutations. Further-

more, using the recurrence relation, an efficient algorithm for the enumeration of pNAP permutations

is given and used to enlarge the upper limit of the degrees n for which the observed property “pNAP is

inverse-Sós-type” is confirmed to 1300 from 50 in our previous paper.

Key words — arithmetic progression; Sós permutation; symmetric group;

1

3

[1]

1000

e-mail: 1)makoto.nagata@ompu.ac.jp, 2)ytakei@akita-nct.ac.jp

1

1-2_論文_永田誠・武井由智.indd   191-2_論文_永田誠・武井由智.indd   19 2022/03/03   13:392022/03/03   13:39



20

[2]

NAP pNAP

NAP pNAP

[2] NAP

n NAP

n O(n6)

[3] Sós

NAP pNAP

50

pNAP Sinv

Sós Sinv

n NAP (n− 1)n
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[n]

n σ ∈ Sn [n] [n]
5

2.1

[3]

(NAP ) n σ NAP (nearly

arithmetic progression type) ∃ α, β ∈ R s.t.

∀ i ∈ [n]

σ(i) = Modn(⌊α(i− 1) + β⌋) + 1

[2] α, β NAP

AP (arithmetic progression type)

AP AP

NAP 6 NAP
6

pNAP

(pNAP ) n σ pNAP (pseudo-

nearly arithmetic progression type)

Kσ := {Modn(σ(i)− σ(i+ 1)) ; i ∈ [n− 1]}

∃ m ∈ [n− 2] s.t. Kσ ⊂ {m,m+ 1}
( n = 2 m = 0

)

σ NAP Kσ

2 [2, A

NAP-1] NAP pNAP

6

NAP pNAP

[2, A NAP-4] 7

50 [3, B]

7 50

pNAP NAP

(Sós Sinv ) n 2

0 < α < 1 α

n

{α}, {2α}, . . . , {nα}

{k1α}, {k2α}, . . . , {knα}
(

1 2 . . . n

k1 k2 . . . kn

)
n

α n Sós 7

α n Sós

α n Sinv 8(“Sós inverse”

permutation)

(Sós Sinv ) n π Sós (Sós

type)9 ∃ α, β ∈ R s.t. n

{α+ β}, {2α+ β}, . . . , {nα+ β}

10

{π(1)α+ β}, {π(2)α+ β}, . . . , {π(n)α+ β}

α, β

π πα,β τ ∈ Sn

Sinv (Sinv type) n Sós

∃ α, β ∈ R s.t.

5 n n n [n]
6[2] pNAP NAP

NAP α, β
pNAP 6

pNAP 60 NAP
6 NAP 60 NAP pNAP

60 6 NAP
7 [4, Theorem 1] Sós
8Sinv Sós Sós Sinv

[3] Sós Sinv Sós
Sinv Sinv

9[7] Sós permutations Sós Sós
10 πα,β
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τ = π−1
α,β

2.2

[3]

n 2

A([3, 4]) n

(1),(2)

(1) NAP Sinv

(2) Sinv pNAP

B([7, Theorem 4], [3, 5]) n Sinv

n
n−1∑
i=1

ϕ(i)

n NAP

pNAP

n

n−1∑
i=1

ϕ(i) 11 [2,

2 ] [2, A AAP-3] n NAP

(n− 1)n

Sinv 12

[3]

n

C([3, 1]) α 1

τα α n Sinv

ℓ ∈ [n− 1]

τα(ℓ+ 1)− τα(ℓ)

≡ τα(1)−



1 if τα(ℓ) ≥ τα(n)

0 o.w.
mod n

3

pNAP

[3] [3, A] Sinv

α n Sinv

n {α}, {2α}, . . . , {nα}

Sinv

[3]

Sinv

13 [3]

Sinv

pNAP

( 3.2 1)

pNAP

3.1

( ) X (R,⪯)
14 f : X → R

|X| n x ∈ X

tf (x) := |{w ∈ X ; f(w) ⪯ f(x)}|

tf : X → [n] X f

(R,⪯) f

tf (x)

x ∈ X f (R,⪯)

11 n3

12n σ [n] [n] σ (σ(i))ni=1
13 3.1 ( )
14R , ⪯ R
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X f f(X) = {f(x) ; x ∈
X} (R,⪯) f(x)

tf (x) f

tf : X → [n] x, y ∈ X

f(x) ⪯ f(y) tf (x) ≤ tf (y)

A

σ n [n] [n]

f : [n] → R f(x) := σ(x)

[n] f (R,≤)

tf : [n] → [n] σ

f(x) := σ(x)−1
n

0 ≤ f(x) < 1

( )

3.2

n σ

f(x) = σ(x)−1
n σ

(

)

[0, 1) 0

1

(fp ) n g : [n] → R
g { · } {g} : [n] →

[0, 1), ℓ �→ {g(ℓ)} g n

fp (“fractional part” injection)

(fp ) g n fp

X [n], (R,⪯)

([0, 1),≤) f {g}
tf = t{g} n t{g}

n fp g

A

1(fp ) n

2 g : [n] → R fp

i, j ∈ {0, 1, . . . , n−1}

D(i, j) := ⌊g(i+ 1)− g(j + 1)⌋ − ⌊g(i)− g(j)⌋

g(0) = 0

n fp g t{g} ℓ ∈ [n−1]

t{g}(ℓ+ 1)− t{g}(ℓ)

−

(
D(ℓ, 0) +

n−1∑
k=1

(D(k, 0) +D(ℓ, k))

)

≡ t{g}(1)−



1 if t{g}(ℓ) ≥ t{g}(n)

0 o.w.
mod n

D(∗, ∗) 1

C Sinv

fp

Sinv

D(∗, ∗) 1

fp

fp

1

fp

D(∗, ∗)
fp

pNAP

fp

4 pNAP

2 n τ ∈ Sn

pNAP
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∃ d ∈ [n] s.t. ℓ ∈ [n− 1]

τ(ℓ+ 1)− τ(ℓ) ≡ d+



0

1
mod n

d τ(1)

( pNAP ) τ n pNAP

ℓ ∈ [n− 1]

τ(ℓ+ 1)− τ(ℓ) ≡ τ(1) +



0

1
mod n

τ pNAP

C σ ∈ Sn ℓ ∈ [n]

σ′(ℓ) ≡ σ(ℓ) + C mod n

σ′ ∈ Sn n Sn σ �→ σ′

C 15

(C )

C

pNAP

pNAP

n pNAP n

pNAP 16n

( ) n pNAP

τ 0 1 τ

τ

ℓ ∈ [n− 1]

τ(ℓ+ 1)− τ(ℓ) ≡ τ(1) + δℓ mod n

δℓ ∈ {0, 1} (δk)
n−1
k=1

A pNAP

τ τ(1) = n

(δk)
n−1
k=1 δi = · · · = δn−1 = 1

τ(1) = n− 1

δi = · · · = δn−1 = 0

τ(1) ≤ n − 2 τ(1)

(τ(1)

) τ 17

pNAP

τ

τ(ℓ) ≡ ℓτ(1) +
ℓ−1∑
k=1

δk mod n

A

2( pNAP fp ) n 2

τ n pNAP

τ(1) ≤ n − 2 (δk)
n−1
k=1 τ

θ τ(1)

(τ(1)− 1
2n < θ < τ(1))

g : [n] → R ℓ ∈ [n]

g(ℓ) :=
ℓθ +

∑ℓ−1
k=1 δk

n

g n fp

fp g t{g} τ

g 1 D(∗, ∗)

3( pNAP ) n 2

τ n pNAP

ℓ ∈ [n− 1]

τ(ℓ+ 1)− τ(ℓ)

≡ τ(1) +



1 if Modn(τ(ℓ)) < Modn(τ(n))

0 o.w.

mod n

τ (δk)
n−1
k=1

15 [3, A] n ρ = (23 . . . n1)
16

17 3 3 n pNAP τ τ(1) τ(n)
τ(1) τ(n)
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δℓ =



1 if Modn(τ(ℓ)) < Modn(τ(n))

0 o.w.

3 τ(ℓ+ 1) τ(1) τ(ℓ)

τ(n) τ(2)

τ(1) τ(n) τ(3) τ(2)

τ(1) τ(n) τ(2) τ(1)

τ(n) τ(3) τ(1) τ(n)

τ(4), . . . , τ(n− 1)

τ(1) τ(n) n

pNAP τ τ(1) τ(n)

τ(1) ̸= τ(n)

n pNAP

(n − 1)n pNAP

4 n 2 n pNAP

(n− 1)n2

3 2 C

5 pNAP τ 1

pNAP τ ′

i ∈ [n]

τ ′(i) ≡ τ(i) + 1 mod n

ℓ ∈ [n− 1]

τ ′(ℓ+ 1)− τ ′(ℓ)

≡ τ ′(1)−




1 if τ ′(ℓ) ≥ τ ′(n)

0 o.w.
mod n

5 pNAP

[3] pNAP

n ≤ 50 pNAP

Sinv

pNAP

Kσ = {m,m+ 1} m

δ⃗ = (δℓ)
n−1
ℓ=1 (m, δ⃗)

σ : [n] → [n]

2n−1

δ⃗ ∈ {0, 1}n−1

(n ≤ 50)

3 pNAP

(τ(1), τ(n))

1 3 pNAP

(a, b) ∈ [n]× [n] 3

τ(1) := a, τ(n) := b
18(ta,b(1), ta,b(2), . . . , ta,b(n)) 1

/* */

pnapsearch(n) {
for (a ∈ [n]) {

for (b ∈ [n]) {
ta,b(1) := a

for (ℓ ∈ [n− 1]) {
/* */

δℓ :=



1 if Modn(ta,b(ℓ)) < Modn(b)

0 o.w.

ta,b(ℓ+ 1) := Modn(ta,b(ℓ) + ta,b(1) + δℓ)

}
ta,b ( A1)

ta,b ( P)

ta,b ( N)

if ( Not(A1) P N ) {
ta,b pNAP

}
}

}
}

1: pNAP

Modn

Modn(x) =




n if Modn(x) = 0

Modn(x) o.w.

18 τ t τ (ta,b(1), . . . , ta,b(n))
( ) τ t
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mod n

{0, 1, . . . , n − 1} [n]

(a, b) ∈ [n]× [n]

ta,b : [n] → [n]

3

ta,b

pNAP

(a, b) ̸= (a′, b′) ta,b = ta′,b′

3

( A1) δ⃗ 1 :

∀ℓ ∈ [n− 1] δℓ = 1.

( P) ta,b :

∀ℓ, ℓ′ ∈ [n] ta,b(ℓ) = ta,b(ℓ
′) ⇒ ℓ = ℓ′.

( N) b ta,b(n)

:

b = ta,b(n).

A1 δ⃗ = (1n−1)

a δ⃗ = (1n−1)

ta,b a + 1 δ⃗ = (0n−1)

ta+1,b′

pNAP

pNAP

( ) P

N

3 τ(n)

( )

ℓ = 1, 2, . . . , n − 1

t(n)

τ(n) b ∈ [n] (a, b)

ta,b b = ta,b(n)

P N ta,b A1

pNAP

1 (a, b)

ℓ O(n)

3 O(n)

(a, b) n2 O(n3)

[3] O(n2n)

3

pNAP

2 ≤ n ≤ 1300

(a, b) ∈ [n]× [n] ta,b : [n] → [n]

A1, P, N (a, b)

n

1

1: ta,b (a, b) (n ≤ 1300)
ta,b N

A1 P

ϕ(n) 0

0 0

P

n−1∑
k=1

ϕ(k)
n−1∑
k=1

ϕ(k)

n∑
k=1

(k − ϕ(k))
n−1∑
k=1

(k − ϕ(k))

Not(A1) P N ta,b

pNAP

∑n−1
k=1 ϕ(k) ( Not(A1)

P N ta,b (a, b)

a = ta,b(1) N

b = ta,b(n) ta,b = ta′,b′

(a, b) ̸= (a′, b′)

ta,b )

pNAP

n
∑n−1

k=1 ϕ(k)

B Sinv

A (2) Sinv

8
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pNAP

n ≤ 1300 Sinv

pNAP

n
∑n−1

k=1 ϕ(k) pNAP

1

1 (a, b)

1

Not(A1) P

N Not(A1) P Not(N)

(a, b)

A1 (a, b) N P

ϕ(n)

B Not(A1) Not(P)

(a, b) N∑n
k=1(k − ϕ(k)) N∑n−1

k=1(k−ϕ(k))

( )

6

Sinv pNAP

pNAP τ

τ(1) (δk)
n−1
k=1

pNAP

0 1

pNAP

Sinv

Sinv pNAP

Sinv

pNAP

4

pNAP fp

0 1

3.1

σ f(x) = σ(x)−1
n

3.2 f(x) = σ(x)−1
n

f(x)

[1]

Vol. 13

pp.5–36 (2019)

[2] II

Vol. 14

pp.19–48 (2020)

[3]

Vol. 15 pp.51–70

(2021)

[4] On the distribution mod 1 of the sequence

nα Vera T. Sós Ann. Univ. Sci. Budapest.

Eötvös, Sect. Math. 1, pp.127-134 (1958)
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[5] Uber die Anordnung der Vielfachen einer

reellen Zahl mod 1 J. Surányi Ann. Univ.

Sci. Budap. Eötvös, Sect. Math. 1, pp.107-111

(1958)

[6] Farey fractions and permutations gener-

ated by fractional part {iα} A. V. Shutov

Chebyshevskii Sb., Vol.15(1), pp.195-203

(2014)

[7] Sós permutations S. Bockiting-Conrad, Y.

Kashina, T. K. Petersen, B. E. Tenner

Amer. Math. Monthly, Vol.128, pp.407-422

(2021)

A

A 3 4
A A

( f A f -ranking map
t{g} Tg )

N Z R α ∈ R ⌊α⌋ α
{α} = α− ⌊α⌋ 0 ≤ {α} < 1 {α} α

n 1 n {1, 2, . . . , n} [n] [n] := {1, 2, . . . , n} n
[n] [n]

A.1

(ranking map) X
1 X

R ⪯ R (R,⪯) X X
R f : X → R f f(X) Imf f

pf : X → 2X x ∈ X

pf (x) := {w ∈ X ; f(w) ⪯ f(x)}

1. (R,⪯), X, f , pf
(0) x ∈ X x ∈ pf (x)
(1) x, y ∈ X f(x) ⪯ f(y) pf (x) ⊆ pf (y)
(2) x, y ∈ X f(x) ⪯ f(y) x ̸= y pf (x) ⊊ pf (y)

pf (Imf,⪯) (2x,⊆)

. f(x) ⪯ f(x) x ∈ pf (x) (0) f(x) ⪯ f(y) z ∈ pf (x)
f(z) ⪯ f(x) f(z) ⪯ f(y) z ∈ pf (y) pf (x) ⊆ pf (y) (1)

x, y ∈ X with x ̸= y pf (x) = pf (y) y ∈ pf (x) f(y) ⪯ f(x)
x ∈ pf (y) f(x) ⪯ f(y) f(x) = f(y) f x ̸= y

f(x) ̸= f(y) pf (x) ̸= pf (y) (1) (2) □

2. (R,⪯), X, f , pf X n X
n = |X| tf : X → N x ∈ X

tf (x) := |pf |

tf Im tf [n]

. x ∈ X x ∈ pf (x) 1 ≤ tf (x) pf (x) ⊆ X tf (x) ≤ n Im tf ⊆ [n]
x, y ∈ X with x ̸= y (⪯ )f(x) ⪯ f(y) f(y) ⪯ f(x) f(x) ⪯ f(y)

1 (2) tf (x) < tf (y) x ̸= y tf (x) ̸= tf (y) tf
|X| = n |Im tf | = n Im tf = [n] □

10
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3. (R,⪯) X n = |X| f : X → R
well-defined

tf : X → [n]

∈ ∈

x �→ |{w ∈ X ; f(w) ⪯ f(x)}|

X f (R,⪯) (ranking map) f (f -ranking map)

4. X = [n] f -ranking map [n] [n] n

5. X = [n] R 1 [0, 1) ⪯ ≤ 1
α f(x) = {αx} f : [n] → [0, 1) f -ranking

map α n Sinv (cf. [3, 4 ])

6. [n] [n] f -ranking map

. σ [n] [n] n (R,⪯) R = [0, 1))( 1 )

⪯ ≤ X = [n] f : [n] → [0, 1) f(x) := σ(x)−1
n x, y ∈ [n]

σ(x) ≤ σ(y) f(x) ≤ f(y) {w ∈ [n] ; f(w) ≤ f(x)} =
{w ∈ [n] ; σ(w) ≤ σ(x)} σ(w) ≤ σ(x) w ∈ [n] x σ(x) tf (x) = σ(x)

□

7. 3 x, y ∈ X (1) (2)
(1) tf (x) ≤ tf (y)
(2) f(x) ⪯ f(y)

. 1 (1) f(x) ⪯ f(y) pf (x) ⊆ pf (y) tf (x) ≤ tf (y)
f(x) ⪯ f(y) f(y) ⪯ f(x) f(x) ̸= f(y) (f

x = y f(x) = f(y) ) x ̸= y 1 (2) pf (y) ⊊ pf (x) tf (y) < tf (x)
tf (x) ≤ tf (y) □

A.2 fp

8. n g : [n] → R g {·} : R → [0, 1)

{g} : [n] → [0, 1)

∈ ∈

ℓ �→ {g(ℓ)}

g fp 19 g fp {g} g n fp

g n fp (tf f {g} ) t{g} {g}-ranking map ( )

9. n g : [n] → R Tg : [n] → [n] ℓ ∈ [n] Tg(ℓ) := |{k ∈
[n] ; {g(k)} ≤ {g(ℓ)}}|

Tg : [n] → [n]

∈ ∈

ℓ �→ |{k ∈ [n] ; {g(k)} ≤ {g(ℓ)}}|

Tg g n fp

19g(ℓ) fractional part fp

11
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. fp {g} p, q ∈ [n] with p ̸= q {g(p)} = {g(q)}
p, q p, q {g(p)} (= {g(q)}) α Tg(p) = |{k ∈ [n] ; {g(k)} ≤ α}| = Tg(q)

Tg □

10. 9 Tg Tg g : [n] → R Tg n
g n fp (X = [n], R = [0, 1), tf f {g}

) {g}-ranking map t{g} Tg {g}-ranking map t{g}
f -ranking map f = {g} t{g}

A t{g} Tg 13

7

11. 9 g n fp i, j ∈ [n] (1) (2)

(1) Tg(i) ≥ Tg(j)
(2) {g(i)} ≥ {g(j)}

. X = [n], R = [0, 1), f = {g} {g}-ranking map t{g} Tg 7
□

12 [3, A 5] a, b
[3, A 5]

12 3

12. a, b ∈ R

1− ⌊a⌋+ ⌊b⌋+ ⌊a− b⌋ =

{
1 if {a} ≥ {b}
0 if {a} < {b}

. 0 ≤ {a}, {b} < 1 −1 < {a}−{b} < 1 {a} ≥ {b} 0 ≤ {a}−{b} < 1
{a} < {b} 0 < {b} − {a} < 1 0 < 1− ({b} − {a}) < 1 a− b = (⌊a⌋+ {a})− (⌊b⌋+ {b}) =
⌊a⌋ − ⌊b⌋+ ({a}− {b}) = ⌊a⌋ − ⌊b⌋ − 1+ (1− ({b}− {a})) α ∈ R m ∈ Z
0 ≤ α−m < 1 ([3, A 1] ) ⌊α⌋ = m {α} = α−m a, b ∈ R

⌊a− b⌋ =

{
⌊a⌋ − ⌊b⌋ if {a} ≥ {b}
⌊a⌋ − ⌊b⌋ − 1 if {a} < {b}

□

A

11[A] =

{
1 if A is true

0 if A is false

9 10

13. g n fp {g}-ranking map t{g} Tg g fp

3 1 14 20

14. n 2 g : [n] → R fp g(0) = 0
D : {0, 1, . . . , n− 1}2 → Z i, j ∈ {0, 1, . . . , n− 1}

D(i, j) := ⌊g(i+ 1)− g(j + 1)⌋ − ⌊g(i)− g(j)⌋

20 14 g : [n] → R fp k = 2, 3, . . . , n g(1)− g(k) ̸∈ Z (Tg

9 )

12
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g fp Tg ℓ ∈ [n− 1]

Tg(1) + Tg(ℓ)− Tg(ℓ+ 1) + n (⌊g(1)⌋+ ⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋)

+D(ℓ, 0) +

n−1∑
k=1

(D(k, 0) +D(ℓ, k)) = 11[Tg(ℓ) ≥ Tg(n)] (1)

. ℓ ∈ [n] fp g fp Tg 12

Tg(ℓ) = |{k ∈ [n] ; {g(k)} ≤ {g(ℓ)}}| =
n∑

k=1

11[{g(ℓ)} ≥ {g(k)}] = n(1− ⌊g(ℓ)⌋) +
n∑

k=1

(⌊g(k)⌋+ ⌊g(ℓ)− g(k)⌋)

ℓ ≤ n− 1

Tg(ℓ+ 1) = n(1− ⌊g(ℓ+ 1)⌋) +
n∑

k=1

(⌊g(k)⌋+ ⌊g(ℓ+ 1)− g(k)⌋)

Tg(ℓ+ 1)− Tg(ℓ) = n (⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋) +
n∑

k=1

(⌊g(ℓ+ 1)− g(k)⌋ − ⌊g(ℓ)− g(k)⌋) (2)

g : [n] → R g̃ : {−n,−(n− 1), . . . ,−1, 0, 1, 2, . . . , n} → R

g̃(0) := g(0) = 0, ℓ ∈ [n] g̃(ℓ) := g(ℓ), g̃(−ℓ) := −g(ℓ)

i, j ∈ [n] h : [n]× [n] → Z

h(i, j) := ⌊g(i)− g(j)⌋ − ⌊g̃(i− j)⌋

⌊g(i)− g(j)⌋ = h(i, j) + ⌊g̃(i− j)⌋

n∑
k=1

(⌊g(ℓ+ 1)− g(k)⌋ − ⌊g(ℓ)− g(k)⌋) =
n∑

k=1

(h(ℓ+ 1, k) + ⌊g̃(ℓ+ 1− k)⌋)− (h(ℓ, k) + ⌊g̃(ℓ− k)⌋)

=
n∑

k=1

(⌊g̃(ℓ+ 1− k)⌋ − ⌊g̃(ℓ− k)⌋) +
n∑

k=1

(h(ℓ+ 1, k)− h(ℓ, k)) (3)

⌊g̃(ℓ− n)⌋ = ⌊g(ℓ)− g(n)⌋ − h(ℓ, n) ℓ ∈ [n− 1] g̃(ℓ) = g(ℓ)

n∑
k=1

(⌊g̃(ℓ+ 1− k)⌋ − ⌊g̃(ℓ− k)⌋) = (⌊g̃(ℓ+ 1− 1)⌋+ ⌊g̃(ℓ+ 1− 2)⌋+ · · ·+ ⌊g̃(ℓ+ 1− n)⌋)

− (⌊g̃(ℓ− 1)⌋+ ⌊g̃(ℓ− 2)⌋+ · · ·+ ⌊g̃(ℓ− n)⌋)
= ⌊g̃(ℓ)⌋ − ⌊g̃(ℓ− n)⌋ = ⌊g(ℓ)⌋ − ⌊g(ℓ)− g(n)⌋+ h(ℓ, n)

(3) = ⌊g(ℓ)⌋ − ⌊g(ℓ)− g(n)⌋+ h(ℓ, n) +

n∑
k=1

(h(ℓ+ 1, k)− h(ℓ, k))

= ⌊g(ℓ)⌋ − ⌊g(ℓ)− g(n)⌋+
n∑

k=1

h(ℓ+ 1, k)−
n−1∑
k=1

h(ℓ, k)

13
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(2)

Tg(ℓ+ 1)− Tg(ℓ) = n (⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋) + ⌊g(ℓ)⌋ − ⌊g(ℓ)− g(n)⌋+
n∑

k=1

h(ℓ+ 1, k)−
n−1∑
k=1

h(ℓ, k)

−⌊g(ℓ)⌋+ ⌊g(ℓ)− g(n)⌋ = −Tg(ℓ+ 1) + Tg(ℓ) + n (⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋) +
n∑

k=1

h(ℓ+ 1, k)−
n−1∑
k=1

h(ℓ, k) (4)

g fp k = 2, 3, . . . , n g(1)− g(k) ̸∈ Z
∃ m ∈ Z s.t. g(1) +m = g(k) {g(1)} = {g(1) +m} = {g(k)} g fp
([3, A 2] ) α ∈ R \ Z ⌊α⌋+ ⌊−α⌋ = −1

⌊g(1)− g(k)⌋ =

{
0 if k = 1

−⌊g(k)− g(1)⌋ − 1 if k = 2, . . . , n

k = 2, . . . , n ⌊g(k)− g(1)⌋ = h(k, 1) + ⌊g̃(k − 1)⌋ = h(k, 1) + ⌊g(k − 1)⌋

Tg(1) = n (1− ⌊g(1)⌋) +
n∑

k=1

(⌊g(k)⌋+ ⌊g(1)− g(k)⌋) = n (1− ⌊g(1)⌋) +
n∑

k=1

⌊g(k)⌋ −
n∑

k=2

(⌊g(k)− g(1)⌋+ 1)

= n (1− ⌊g(1)⌋) +
n∑

k=1

⌊g(k)⌋ − (n− 1)−
n∑

k=2

⌊g(k)− g(1)⌋

= n (1− ⌊g(1)⌋) +
n∑

k=1

⌊g(k)⌋ − (n− 1)−
n∑

k=2

(h(k, 1) + ⌊g(k − 1)⌋)

= n (1− ⌊g(1)⌋) + ⌊g(n)⌋ − (n− 1)−
n∑

k=2

h(k, 1) = −n⌊g(1)⌋+ ⌊g(n)⌋+ 1−
n∑

k=2

h(k, 1)

1 + ⌊g(n)⌋ = Tg(1) + n⌊g(1)⌋+
n∑

k=2

h(k, 1) (5)

(4) (5)

1− ⌊g(ℓ)⌋+ ⌊g(n)⌋+ ⌊g(ℓ)− g(n)⌋ =

− Tg(ℓ+ 1) + Tg(ℓ) + n (⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋) +
n∑

k=1

h(ℓ+ 1, k)−
n−1∑
k=1

h(ℓ, k)

+ Tg(1) + n⌊g(1)⌋+
n∑

k=2

h(k, 1)

12

1− ⌊g(ℓ)⌋+ ⌊g(n)⌋+ ⌊g(ℓ)− g(n)⌋ =

{
1 if {g(ℓ)} ≥ {g(n)}
0 if {g(ℓ)} < {g(n)}

Tg(1) + Tg(ℓ)− Tg(ℓ+ 1) + n (⌊g(1)⌋+ ⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋) +
n∑

k=2

h(k, 1) +

n∑
k=1

h(ℓ+ 1, k)−
n−1∑
k=1

h(ℓ, k)

=

{
1 if {g(ℓ)} ≥ {g(n)}
0 if {g(ℓ)} < {g(n)}

(6)

14
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g(0) = 0 k = 2, . . . , n g̃(k − 1) = g(k − 1)

n∑
k=2

h(k, 1) =

n∑
k=2

(⌊g(k)− g(1)⌋ − ⌊g̃(k − 1)⌋)

=

n∑
k=2

(⌊g(k)− g(1)⌋ − ⌊g(k − 1)− g(0)⌋) =
n−1∑
k=1

(⌊g(k + 1)− g(1)⌋ − ⌊g(k)− g(0)⌋) =
n−1∑
k=1

D(k, 0) (7)

n∑
k=1

h(ℓ+ 1, k)−
n−1∑
k=1

h(ℓ, k) =

n−1∑
k=0

h(ℓ+ 1, k + 1)−
n−1∑
k=1

h(ℓ, k) = h(ℓ+ 1, 1) +

n−1∑
k=1

(h(ℓ+ 1, k + 1)− h(ℓ, k))

= h(ℓ+ 1, 1) +

n−1∑
k=1

((⌊g(ℓ+ 1)− g(k + 1)⌋ − ⌊g̃(ℓ− k)⌋)− (⌊g(ℓ)− g(k)⌋ − ⌊g̃(ℓ− k)⌋))

= h(ℓ+ 1, 1) +

n−1∑
k=1

(⌊g(ℓ+ 1)− g(k + 1)⌋ − ⌊g(ℓ)− g(k)⌋) = ⌊g(ℓ+ 1)− g(1)⌋ − ⌊g̃(ℓ)⌋+
n−1∑
k=1

D(ℓ, k)

= ⌊g(ℓ+ 1)− g(1)⌋ − ⌊g(ℓ)− g(0)⌋+
n−1∑
k=1

D(ℓ, k) = D(ℓ, 0) +

n−1∑
k=1

D(ℓ, k) (8)

11 (6), (7), (8) (1) □

A.3 pNAP

pNAP 21

15. m ∈ Z, n ∈ N Modn(m) m n q, r ∈ Z with 0 ≤ r ≤ n− 1
m = qn+ r Modn(m) = r

16. a ∈ Z, n ∈ N

Modn(a− 1) + 1 =

{
n if Modn(a) = 0
Modn(a) o.w.

. a = mn + r, m, r ∈ Z, r = Modn(a) 0 ≤ r ≤ n − 1 r = 0 a − 1 = mn − 1 =
(m − 1)n + n − 1 Modn(a − 1) = n − 1 Modn(a − 1) + 1 = n 1 ≤ r ≤ n − 1
a− 1 = mn+ r − 1 Modn(a− 1) = r − 1 Modn(a− 1) + 1 = r □

pNAP

17. a δ1, . . . , δn−1 0 1 n τ ℓ ∈ [n] 22

τ(ℓ) = Modn(

(
ℓa+

ℓ−1∑
k=1

δk

)
− 1) + 1

τ (a, (δk)
n−1
k=1)-pNAP (δk)

n−1
k=1 τ

τ (δk)
n−1
k=1 a- pNAP

21n τ , τ : [n] → [n] τ(1)
22 Modn(a− 1) + 1 5 16 Modn(a)

Modn

A Modn

15

1-2_論文_永田誠・武井由智.indd   331-2_論文_永田誠・武井由智.indd   33 2022/03/03   13:392022/03/03   13:39



34

a-pNAP n τ τ(1) = Modn(a− 1) + 1 a n τ(1) = n

a n τ(1) a n Modn(
(
ℓ(a+ n) +

∑ℓ−1
k=1 δk

)
− 1) =

Modn(
(
ℓa+

∑ℓ−1
k=1 δk

)
− 1 + an) = Modn(

(
ℓa+

∑ℓ−1
k=1 δk

)
− 1) a-pNAP a 0 n − 1

a 0 ≤ a ≤ n− 1 23 (a, (δk)
n
k=1)-pNAP n τ

τ(1) = Modn(a− 1) + 1, τ(n) = Modn(

(
n−1∑
k=1

δk

)
− 1) + 1

a-pNAP τ(1) Modn(a − 1) + 1 pNAP 24∑n−1
k=1 δk = 0, δ1 = · · · = δn−1 = 0 τ(n) = n− 1+ 1 = n

∑n−1
k=1 δk ≥ 1

τ(n) =
∑n−1

k=1 δk

18. a 0 ≤ a ≤ n− 1 n τ (a, (δk)
n−1
k=1)-pNAP a = 0

τ(1) = n, τ(1) = a (a = 0 ) ℓ ∈ [n− 1]

τ(ℓ+ 1)− τ(ℓ) =

{
a+ δℓ if τ(ℓ) + a+ δℓ ≤ n
a+ δℓ − n o.w.

τ pNAP

. a = 0 τ(1) = Modn(0− 1) + 1 = n τ(2) = Modn(δ1 − 1) + 1 τ
τ(2) ̸= τ(1) = n δ1 ̸= 0, δ1 = 1 τ(2) = 1

τ(2)− τ(1) = 1− n = a+ δ1 − n τ(1) + a+ δ1 = n+ 0 + 1 > n ℓ ≥ 2
τ(ℓ) ̸= τ(1) = n 1 ≤ τ(ℓ) ≤ n− 1 τ(ℓ) + a+ δℓ ≤ n− 1 + 0 + 1 ≤ n δ1 = 1

1 ≤
∑ℓ−1

k=1 δk ≤ n− 1 τ(ℓ) = Modn(
(∑ℓ−1

k=1 δk

)
− 1) + 1 =

∑ℓ−1
k=1 δk τ(ℓ+1)− τ(ℓ) = δℓ

a = 0
1 ≤ a ≤ n − 1 τ(1) = Modn(a − 1) + 1 = a m, b ∈ Z≥0 m = qn + r,

q, r ∈ Z, r = Modn(m) m + b = qn + r + b = (q + 1)n + r + b − n r + b ≤ n − 1
Modn(m + b) = Modn(m) + b r + b ≥ n Modn(m + b) = Modn(m) + b − n
ℓ ∈ [n− 1] (b = a+ δℓ )

τ(ℓ+ 1)− τ(ℓ) = Modn(

(
(ℓ+ 1)a+

ℓ∑
k=1

δk

)
− 1) + 1−

(
Modn(

(
ℓa+

ℓ−1∑
k=1

δk

)
− 1) + 1

)

= Modn(

(
ℓa+

ℓ−1∑
k=1

δk

)
− 1 + a+ δℓ)−Modn(

(
ℓa+

ℓ−1∑
k=1

δk

)
− 1)

=

{
a+ δℓ if Modn(

(
ℓa+

∑ℓ−1
k=1 δk

)
− 1) + a+ δℓ ≤ n− 1

a+ δℓ − n o.w.

δℓ 0 1 τ pNAP □

19. n 0-pNAP (0, (1)n−1
k=1)-pNAP a = 0 (a, (δk)

n−1
k=1)-pNAP

δ1 = · · · = δn−1 = 1 n τ 0-pNAP
τ(1) = n, ℓ ∈ [n− 1] τ(ℓ+ 1) = ℓ

. a = 0 18 τ(1) = n δ1 = 1 ( 18
) δ1 = 0 18 τ(2) = n = τ(1) τ δ1 = 1

( 18 )τ(2) = 1 ℓ = 2, . . . , n− 1
δ1, . . . , δℓ−1 = 1 τ(ℓ) = ℓ − 1 δℓ = 0 τ(ℓ) + a + δℓ ≤ n

23 0 ≤ a ≤ n− 1 1 ≤ a ≤ n 0 ≤ a ≤ n− 1
(a, (δk)

n−1
k=1 )-pNAP (n− 1− a, (1− δk)

n−1
k=1 )-pNAP

0 ≤ a ≤ n− 1 19 20 pNAP

24 “a-” (a- pNAP ) a-pNAP

16
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18 τ(ℓ) = τ(ℓ+ 1) τ δℓ = 1 18
τ(ℓ+ 1) = τ(ℓ) + 1 = ℓ □

20. n (n − 1)-pNAP (n − 1, (0)n−1
k=1)-pNAP a = n − 1

(a, (δk)
n−1
k=1)-pNAP δ1 = · · · = δn−1 = 0 n τ

(n− 1)-pNAP ℓ ∈ [n− 1] τ(ℓ) = n− ℓ τ(n) = n

. n = 2 τ(1) = 1 τ(2) = 2 δ1 = 1 n ≥ 3 a = n − 1
a-pNAP τ(1) = n − 1 τ(1) + n − 1 > n 18 τ(2) =

τ(1) + n − 1 + δ1 − n = n − 2 + δ1 δ1 = 1 τ(2) = n − 1 = τ(1) τ
δ1 = 0 ℓ = 2, . . . , n− 1 δ1, . . . , δℓ−1 = 0 τ(ℓ) = n− ℓ

δℓ = 1 τ(ℓ) + a + δℓ = n − ℓ + n − 1 + 1 = n + (n − ℓ) > n
18 τ(ℓ+ 1) = τ(ℓ) + n− 1 + δℓ − n = τ(ℓ) τ δℓ = 0

τ(ℓ) = n − ℓ > 1 ℓ < n − 1 τ(ℓ) + a + δℓ = n − ℓ + n − 1 = n + (n − 1 − ℓ) > n
18 τ(ℓ + 1) = τ(ℓ) − 1 = n − (ℓ + 1) τ(ℓ) = n − ℓ = 1 ℓ = n − 1

τ(ℓ) + a+ δℓ = τ(n− 1) + (n− 1) = 1 + (n− 1) = n 18 τ(n) = τ(n− 1) + a = n □

21. 0 ≤ a ≤ n− 1 n τ (a, (δk)
n−1
k=1)-pNAP (1)∼(4)

(1) δ1 = · · · = δn−1 = 0 τ(n) = n a n 25

ℓ ∈ [n] τ(ℓ) ≡ ℓa mod n
(2) δ1 = · · · = δn−1 = 1 τ(n) = n− 1 (a+ 1) n

ℓ ∈ [n] τ(ℓ) ≡ ℓ(a+ 1)− 1 mod n
(3) τ(n) = n δ1 = · · · = δn−1 = 0
(4) τ(n) = n− 1 δ1 = · · · = δn−1 = 1

. (1) δ1 = · · · = δn−1 = 0 τ(n) = Modn((
∑n−1

k=1 δk)− 1) + 1 = Modn(−1) + 1 = n− 1 + 1 = n
τ(ℓ) ≡ ℓa mod n τ ℓa mod n ℓ ∈ [n] ( a ̸= 0

) k with ℓ+ k ≤ n ℓ ∈ [n] τ(ℓ+ k)− τ(ℓ) ≡ (ℓ+ k)a− ℓa ≡ ka ̸≡ 0
mod n ka ≡ 0 mod n k 1 ≤ k ≤ n− 1 a n

(a, n) ( b ) 1 a = ba′, n = bn′ (a′, n′ ∈ Z≥0, n
′ < n)

n′a = n′ba′ = na′ ≡ 0 mod n (a, n) = 1, a n
(2) τ(n) = Modn((

∑n−1
k=1 δk)− 1) + 1 = Modn((n− 1)− 1) + 1 = n− 1 τ(ℓ) ≡ ℓa+ ℓ− 1 ≡

ℓ(a+ 1)− 1 mod n τ ℓ(a+ 1) mod n ℓ ∈ [n] (1)
(a+ 1) n

(3) τ(n) = n τ(n) = Modn((
∑n−1

k=1 δk)−1)+1 Modn((
∑n−1

k=1 δk)−1) = n−1 0 ≤
∑n−1

k=1 δk ≤
n− 1

∑n−1
k=1 δk = 0 0 ≤ δℓ ≤ 1 δ1 = · · · = δn−1 = 0

(4) τ(n) = n− 1 τ(n) = Modn((
∑n−1

k=1 δk)− 1) + 1
∑n−1

k=1 δk = n− 1 0 ≤ δℓ ≤ 1
δ1 = · · · = δn−1 = 1 □

22. a n τ(n) = n a-pNAP n = 8, a = 5

(δk)
n−1
k=1 = (0, 1, 1, 0, 1, 1, 0) Mod8(

(
ℓa+

∑ℓ−1
k=1 δk

)
− 1) + 1 ℓ = 1, . . . , 8 (5, 2, 8, 6, 3, 1, 7, 4)

τ = (52863174) (5, (0, 1, 1, 0, 1, 1, 0))-pNAP (a = 5 n = 8 ) τ
5-pNAP τ(8) = 4

23. a n a′ = a − 1 n (a′ + 1) 21 (2)
(a′, (1)n−1

k=1)-pNAP τ τ ( 4 ) 1
21 (1) (a, (0)n−1

k=1)-pNAP n = 8, a = 5, a′ = 4 (4, (1)n−1
k=1)-pNAP

(41638527) 1 (5, (0)n−1
k=1)-pNAP (52741638)

(a, (δk)
n−1
k=1)-pNAP n 19, 20 a = 0 n− 1

(δk)
n−1
k=1 a = 0 a = n − 1

a ∈ [n− 2]

24. a ∈ [n − 2] τ (a, (δk)
n−1
k=1)-pNAP n i ∈ [n − 1] τ(i) = n

δi = 1

25a = 0 a n

17
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. 1 ≤ a+ δi τ(i) = n τ(i)+a+ δi > n 18 τ(i+1) = τ(i)+a+ δi−n = a+ δi
τ(1) = a τ (τ(i+ 1) ̸= τ(1) ) δi 0 δi = 1 □

25. τ(i) = n i i = n 21

a-pNAP

26. n 2 a a ∈ [n− 1] a′ a′ < a
ϵ := a− a′ 0 < ϵ < 1

2n (δk)
n−1
k=1 k δk 0 1

i ∈ [n] (0),(1),(2)

(0) ia+
∑i−1

k=1 δk {
ia+

∑i−1
k=1 δk

n
} =

r

n
r r = 0 r ∈ [n− 1]

ia′ +
∑i−1

k=1 δk
ia′ +

∑i−1
k=1 δk

n
{
ia′ +

∑i−1
k=1 δk

n
}

(1) {
ia+

∑i−1
k=1 δk

n
} = 0 1− ϵ ≤ {

ia′ +
∑i−1

k=1 δk
n

} ≤ 1− ϵ

n
{
ia′ +

∑i−1
k=1 δk

n
} < 1

(2) {
ia+

∑i−1
k=1 δk

n
} =

r

n
r r ∈ [n− 1]

r

n
− ϵ ≤ {

ia′ +
∑i−1

k=1 δk
n

} ≤ r

n
− ϵ

n

{
ia′ +

∑i−1
k=1 δk

n
} <

r

n

. a = a′ + ϵ ia+
∑i−1

k=1 δk = (ia′ +
∑i−1

k=1 δk) + iϵ ϵ
n ≤ iϵ

n ≤ ϵ (0)

(1) { ia+
∑i−1

k=1 δk
n } = 0 ia +

∑i−1
k=1 δk = qn q ia′ +

∑i−1
k=1 δk =

qn − iϵ = (q − 1)n + n − iϵ { ia′+
∑i−1

k=1 δk
n } = {n−iϵ

n } = {1− iϵ
n } = 1− iϵ

n

(2) { ia+
∑i−1

k=1 δk
n } = r

n ia+
∑i−1

k=1 δk = qn+ r q ia′ +
∑i−1

k=1 δk =

qn+ r − iϵ iϵ < n× 1
2n = 1

2 (r − iϵ > 1− 1
2 = 1

2 ) { ia′+
∑i−1

k=1 δk
n } = { r−iϵ

n } = r
n − iϵ

n
□

4 2 26

27. n 2 a a ∈ [n − 1] τ n (a, (δk)
n−1
k=1)-pNAP a′

0 < a− a′ < 1
2n ℓ ∈ [n]

τ(ℓ) = |{j ∈ [n] ; {
ja′ +

∑j−1
k=1 δk

n
} ≤ {

ℓa′ +
∑ℓ−1

k=1 δk
n

}}|

. ϵ := a− a′ τ(ℓ) = n

τ(ℓ) = n a-pNAP τ(ℓ) = Modn(
(
ℓa+

∑ℓ−1
k=1 δk

)
− 1) + 1 Modn(ℓa+

∑ℓ−1
k=1 δk) = 0

{ ℓa+
∑ℓ−1

k=1 δk
n } = 0 26 (1) 1 − ϵ ≤ { ℓa′+

∑ℓ−1
k=1 δk

n } < 1 i ̸= ℓ i ∈ [n]

τ(i) ̸= n i q, r with 1 ≤ r ≤ n − 1 ia +
∑i−1

k=1 δk = qn + r

26 (2) r
n − ϵ ≤ { ia′+

∑i−1
k=1 δk

n } < r
n { ia′+

∑i−1
k=1 δk

n } 1 − ϵ

|{j ∈ [n] ; { ja′+
∑j−1

k=1 δk
n } ≤ { ℓa′+

∑ℓ−1
k=1 δk

n }}| = n

τ(ℓ) = r with r ∈ [n−1] Modn(ℓa+
∑ℓ−1

k=1 δk) = r 26 (2) r
n−ϵ ≤ { ℓa′+

∑ℓ−1
k=1 δk

n } < r
n

i ∈ [n] ri := τ(i) ri = n Modn(ia+
∑i−1

k=1 δk) = 0 ri ̸= n

Modn(ia+
∑i−1

k=1 δk) = ri ( i = ℓ τ(ℓ) = r )

ri < r i ri + 1 ≤ r 26 (2) ri
n − ϵ ≤ { ia′+

∑i−1
k=1 δk

n } < ri
n

( rn − ϵ) − ri
n = r−ri

n − ϵ > 1
n − ϵ > 0 ri

n
r
n − ϵ { ia′+

∑i−1
k=1 δk

n }
{ ℓa′+

∑ℓ−1
k=1 δk

n }

261 ≤ a ≤ n− 2 27 a, a′ 2 τ(1), θ

18
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r < ri i ri = n 26 (1) 1− ϵ ≤ { ia′+
∑i−1

k=1 δk
n } < 1

1− r
n = n−r

n ≥ 1
n > ϵ 1− ϵ > r

n { ia′+
∑i−1

k=1 δk
n } { ℓa′+

∑ℓ−1
k=1 δk

n }
ri ̸= n ri ≥ r + 1 ( rin − ϵ)− r

n = ri−r
n − ϵ > 1

n − ϵ > 0 ri
n − ϵ r

n

26 (2) ri
n − ϵ ≤ { ia′+

∑i−1
k=1 δk

n } < ri
n { ia′+

∑i−1
k=1 δk

n } { ℓa′+
∑ℓ−1

k=1 δk
n }

i ̸= ℓ ri < r i { ia′+
∑i−1

k=1 δk
n } { ℓa′+

∑ℓ−1
k=1 δk

n } ri > r

i { ia′+
∑i−1

k=1 δk
n } { ℓa′+

∑ℓ−1
k=1 δk

n } τ r1, r2, . . . , rn 1 n
r1, . . . , rn r (= rℓ = τ(ℓ)) (rℓ ) r

|{j ∈ [n] ; { ja′+
∑j−1

k=1 δk
n } ≤ { ℓa′+

∑ℓ−1
k=1 δk

n }}| = r = τ(ℓ) □

3 n a-pNAP τ a τ(n)

28. n 2 a 0 ≤ a ≤ n− 1 n τ (a, (δk)
n−1
k=1)-pNAP

ℓ ∈ [n− 1]

τ(ℓ+ 1)− τ(ℓ) ≡ a+ 11[Modn(τ(ℓ)) < Modn(τ(n))] mod n (9)

δℓ = 11[Modn(τ(ℓ)) < Modn(τ(n))]

. n ≥ 3 a = 0 a = n− 1 a ∈ [n− 2]

27 (ϵ := a− a′ with 0 < ϵ < 1
2n ) g : [n] → R ℓ ∈ [n]

g(ℓ) :=
ℓa′ +

∑ℓ−1
k=1 δk

n

g(0) = 0 i, j ∈ [n] with i ̸= j a′

g(i)− g(j) =
ia′ +

∑i−1
k=1 δk

n
−

ja′ +
∑j−1

k=1 δk
n

=
(i− j)a′ +

(∑i−1
k=1 δk

)
−
(∑j−1

k=1 δk

)

n

0 g : [n] → R
g : [n] → R 9 Tg : [n] → [n] 27 (a, (δk)

n−1
k=1)-pNAP

τ Tg Tg ( [n] [n] ) 9 g n fp
Tg (= τ) g fp ( 13)

a-pNAP ( 17) ℓ ∈ [n] ∃ mℓ ∈ Z s.t.

τ(ℓ)− 1 =

(
ℓa+

ℓ−1∑
k=1

δk

)
− 1−mℓn (10)

ϵ := a− a′ with 0 < ϵ < 1
2n

τ(ℓ) +mℓn =

(
ℓa′ +

ℓ−1∑
k=1

δk

)
+ ℓϵ = ng(ℓ) + ℓϵ

ℓ ∈ [n]

g(ℓ) =
τ(ℓ)− ℓϵ

n
+mℓ

i, j ∈ [n]

g(i)− g(j) =

(
τ(i)− iϵ

n
+mi

)
−
(
τ(j)− jϵ

n
+mj

)
=

τ(i)− τ(j)− (i− j)ϵ

n
+mi −mj (11)

19
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g(0) = 0

g(i)− g(0) =
τ(i)− iϵ

n
+mi (12)

(10)

τ(ℓ+ 1)− τ(ℓ) =

((
(ℓ+ 1)a+

ℓ∑
k=1

δk

)
−mℓ+1n

)
−

((
ℓa+

ℓ−1∑
k=1

δk

)
−mℓn

)
= a+ δℓ − (mℓ+1 −mℓ)n

ℓ ∈ [n− 1]

g(ℓ+ 1) =
τ(ℓ+ 1)− (ℓ+ 1)ϵ

n
+mℓ+1 =

τ(ℓ) + a+ δℓ − (mℓ+1 −mℓ)n− (ℓ+ 1)ϵ

n
+mℓ+1

=
τ(ℓ) + (a′ + ϵ) + δℓ − (ℓ+ 1)ϵ

n
+mℓ =

τ(ℓ) + a′ + δℓ − ℓϵ

n
+mℓ

i, j ∈ [n− 1]

g(i+ 1)− g(j + 1) =

(
τ(i) + a′ + δi − iϵ

n
+mi

)
−
(
τ(j) + a′ + δj − jϵ

n
+mj

)

=
τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

+mi −mj (13)

g(1) = a′

n

g(i+ 1)− g(1) =

(
τ(i) + a′ + δi − iϵ

n
+mi

)
− a′

n
=

τ(i)− iϵ

n
+

δi
n

+mi (14)

α m α+m = ⌊α⌋+m+ {α}, ⌊α⌋+m ∈ Z, 0 ≤ {α} < 1 ([3, A
2] ) ⌊α+m⌋ = ⌊α⌋+m

(11), (13) mi −mj ∈ Z 14 D(i, j)

D(i, j) := ⌊g(i+1)− g(j+1)⌋− ⌊g(i)− g(j)⌋ = ⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋− ⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ (15)

D(i, i) = 0 (12), (14)

D(i, 0) = ⌊g(i+ 1)− g(1)⌋ − ⌊g(i)− g(0)⌋ = ⌊τ(i)− iϵ

n
+

δi
n
⌋ − ⌊τ(i)− iϵ

n
⌋

∑n−1
k=1 D(k, 0)

i ∈ [n − 1] 1 ≤ τ(i) ≤ n − 1 1 ≤ τ(i) + δi ≤ n 0 < iϵ ≤ i · 1
2n ≤ 1

2

0 < τ(i)+δi− iϵ < n ⌊ τ(i)−iϵ
n + δi

n ⌋ = ⌊ τ(i)+δi−iϵ
n ⌋ = 0 0 < τ(i)− iϵ ≤ n−1 ⌊ τ(i)−iϵ

n ⌋ = 0
D(i, 0) = 0

τ(i) = n i ∈ [n− 1] 24 δi = 1 n < n+ 1− iϵ < n+ 1

D(i, 0) = ⌊n− iϵ

n
+

1

n
⌋ − ⌊n− iϵ

n
⌋ = 1− 0 = 1

i ∈ [n− 1]

D(i, 0) =

{
1 if τ(i) = n

0 if τ(i) ̸= n
(16)

20

1-2_論文_永田誠・武井由智.indd   381-2_論文_永田誠・武井由智.indd   38 2022/03/03   13:392022/03/03   13:39



Vol.1（2022） 39

τ(i) = n i ∈ [n− 1] (τ )

{
τ(n) = n τ(i) = n i ∈ [n− 1]

τ(n) ̸= n τ(i) = n i ∈ [n− 1] 1

(16)
n−1∑
k=1

D(k, 0) = |{k ∈ [n− 1] ; τ(k) = n}| =

{
0 if τ(n) = n

1 if τ(n) ̸= n
(17)

τ(n) = n (a, (δk)
n−1
k=1)-pNAP 21 (1) (3)

∑n−1
k=1 D(ℓ, k)

D(ℓ, ℓ) = 0 i, j ∈ [n− 1] with i ̸= j D(i, j) δ1, . . . , δn−1

0 1

δi − δj =





1 if (δi, δj) = (1, 0)

−1 if (δi, δj) = (0, 1)

0 o.w.

τ |τ(i)− τ(j)| ≥ 1 −(n− 1) = 1− n ≤ τ(i)− τ(j) ≤ n− 1
( )∼( )

( ) τ(i)− τ(j) = −(n− 1) (τ(i), τ(j)) = (1, n)
( ) τ(i)− τ(j) = n− 1 (τ(i), τ(j)) = (n, 1)
( ) τ(i)− τ(j) = −1
( ) τ(i)− τ(j) = 1
( ) 2 ≤ |τ(i)− τ(j)| ≤ n− 2

( ) |(i− j)ϵ| ≤ |i− j| · 1
2n ≤ 1

2

⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋⌊=

{
−1 if − (n− 2) ≤ τ(i)− τ(j) ≤ −2

0 if 2 ≤ τ(i)− τ(j) ≤ n− 2

−(n−2) ≤ τ(i)−τ(j) ≤ −2 −1 ≤ δi−δj ≤ 1 −(n−1) ≤ τ(i)−τ(j)−1 ≤ τ(i)−τ(j)+(δi−δj) ≤
τ(i)− τ(j) + 1 ≤ −1 −n < τ(i)− τ(j) + δi − δj − (i− j)ϵ < 0

⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ = −1

2 ≤ τ(i)−τ(j) ≤ n−2 1 ≤ τ(i)−τ(j)−1 ≤ τ(i)−τ(j)+(δi−δj) ≤ τ(i)−τ(j)+1 ≤ n−1
0 < τ(i)− τ(j) + δi − δj − (i− j)ϵ < n

⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ = 0

(15)

D(i, j) = ⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ − ⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ = 0

( ) D(i, j) = 0
( ) −n < −n+ 1− (i− j)ϵ < −n+ 2

⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ = ⌊1− n− (i− j)ϵ

n
⌋ = −1

⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ = ⌊1− n− (i− j)ϵ

n
+

δi − δj
n

⌋

21
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=




⌊1− n− (i− j)ϵ

n
+

1

n
⌋ = −1 if (δi, δj) = (1, 0)

⌊1− n− (i− j)ϵ

n
+

−1

n
⌋ = ⌊−1 +

−(i− j)ϵ

n
⌋ = −2 if (δi, δj) = (0, 1) i > j

⌊1− n− (i− j)ϵ

n
+

−1

n
⌋ = ⌊−1 +

−(i− j)ϵ

n
⌋ = −1 if (δi, δj) = (0, 1) i < j

⌊1− n− (i− j)ϵ

n
+

0

n
⌋ = −1 o.w.

27 (15)

D(i, j) = ⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ − ⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ =

{
−1 if (δi, δj) = (0, 1) i > j

0 o.w.

(δi, δj) = (0, 1) i > j (i, j ∈ [n−1] )
(τ(i), τ(j)) = (1, n) 18 τ(i+1) ≡ τ(i)+a+δi ≡ a+1 mod n τ(j+1) ≡ τ(j)+a+δj ≡ a+1
mod n τ(i + 1) ≡ τ(j + 1) mod n τ n
(δi, δj) = (0, 1) i > j ( ) D(i, j) = 0

( ) n− 2 < n− 1− (i− j)ϵ < n

⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ = ⌊n− 1− (i− j)ϵ

n
⌋ = 0

⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ = ⌊n− 1− (i− j)ϵ

n
+

δi − δj
n

⌋

=




⌊n− 1− (i− j)ϵ

n
+

1

n
⌋ = ⌊1 + −(i− j)ϵ

n
⌋ = 0 if (δi, δj) = (1, 0) i > j

⌊n− 1− (i− j)ϵ

n
+

1

n
⌋ = ⌊1 + −(i− j)ϵ

n
⌋ = 1 if (δi, δj) = (1, 0) i < j

⌊n− 1− (i− j)ϵ

n
+

−1

n
⌋ = 0 if (δi, δj) = (0, 1)

⌊n− 1− (i− j)ϵ

n
+

0

n
⌋ = 0 o.w.

(15)

D(i, j) = ⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ − ⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ =

{
1 if (δi, δj) = (1, 0) i < j

0 o.w.

(δi, δj) = (1, 0) i < j (τ(i), τ(j)) = (n, 1)
18 τ(i+1) ≡ τ(i)+ a+ δi ≡ n+ a+1 ≡ a+1 mod n τ(j+1) ≡ τ(j)+ a+ δj ≡ 1+ a

mod n τ(i+ 1) ≡ τ(j + 1) mod n τ n
( ) D(i, j) = 0

( ) τ(i)− τ(j) = −1 −2 < −1− (i− j)ϵ < 0

⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ = ⌊−1− (i− j)ϵ

n
⌋ = −1

⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ = ⌊−1− (i− j)ϵ

n
+

δi − δj
n

⌋

27n ≥ 3

22
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=




⌊−1− (i− j)ϵ

n
+

1

n
⌋ = ⌊−(i− j)ϵ

n
⌋ = −1 if (δi, δj) = (1, 0) i > j

⌊−1− (i− j)ϵ

n
+

1

n
⌋ = ⌊−(i− j)ϵ

n
⌋ = 0 if (δi, δj) = (1, 0) i < j

⌊−1− (i− j)ϵ

n
+

−1

n
⌋ = −1 if (δi, δj) = (0, 1)

⌊−1− (i− j)ϵ

n
+

0

n
⌋ = −1 o.w.

(15)

D(i, j) = ⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ − ⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ =

{
1 if (δi, δj) = (1, 0) i < j

0 o.w.

(δi, δj) = (1, 0) i < j
τ(i)− τ(j) = −1 τ(j) = τ(i) + 1 18 τ(i+ 1) ≡ τ(i) + a+ δi ≡ τ(i) + a+ 1 mod n

τ(j + 1) ≡ τ(j) + a+ δj ≡ τ(i) + 1+ a mod n τ(i+ 1) ≡ τ(j + 1) mod n τ n
( ) D(i, j) = 0

( ) τ(i)− τ(j) = 1 0 < 1− (i− j)ϵ < 2

⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ = ⌊1− (i− j)ϵ

n
⌋ = 0

⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ = ⌊1− (i− j)ϵ

n
+

δi − δj
n

⌋

=




⌊1− (i− j)ϵ

n
+

−1

n
⌋ = ⌊−(i− j)ϵ

n
⌋ = −1 if (δi, δj) = (0, 1) i > j

⌊1− (i− j)ϵ

n
+

−1

n
⌋ = ⌊−(i− j)ϵ

n
⌋ = 0 if (δi, δj) = (0, 1) i < j

⌊1− (i− j)ϵ

n
+

1

n
⌋ = 0 if (δi, δj) = (1, 0)

⌊1− (i− j)ϵ

n
+

0

n
⌋ = 0 o.w.

(15)

D(i, j) = ⌊τ(i)− τ(j)− (i− j)ϵ

n
+

δi − δj
n

⌋ − ⌊τ(i)− τ(j)− (i− j)ϵ

n
⌋ =

{
−1 if (δi, δj) = (0, 1) i > j

0 o.w.

(δi, δj) = (0, 1) i > j
τ(i)− τ(j) = 1 τ(j) = τ(i)− 1 18 τ(i+ 1) ≡ τ(i) + a+ δi ≡ τ(i) + a mod n
τ(j + 1) ≡ τ(j) + a+ δj ≡ τ(i)− 1 + a+ 1 = τ(i) + a mod n τ(i+ 1) ≡ τ(j + 1) mod n

τ n ( ) D(i, j) = 0
( ) ( ) D(i, j) = 0

n−1∑
k=1

D(ℓ, k) = 0

(17) (i ℓ ) (16)

D(ℓ, 0) +

n−1∑
k=1

D(k, 0) +

n−1∑
k=1

D(ℓ, k) = 11[τ(ℓ) = n] + 11[τ(n) ̸= n]

Tg = τ 14

τ(1) + τ(ℓ)− τ(ℓ+ 1) + n (⌊g(1)⌋+ ⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋) + 11[τ(ℓ) = n] + 11[τ(n) ̸= n] = 11[τ(ℓ) ≥ τ(n)] (18)
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11[τ(ℓ) = n] + 11[τ(n) ̸= n]− 11[τ(ℓ) ≥ τ(n)]

ℓ ∈ [n− 1] (τ )τ(ℓ) = n τ(n) = n τ(ℓ) = n
τ(n) ̸= n τ(n) = n τ(ℓ) ̸= n

11[τ(ℓ) = n] + 11[τ(n) ̸= n] =




2 if τ(ℓ) = n τ(n) ̸= n

1 if τ(ℓ) = n τ(n) = n

1 if τ(ℓ) ̸= n τ(n) ̸= n

0 if τ(ℓ) ̸= n τ(n) = n

=




2 if τ(ℓ) = n τ(n) ̸= n

1 if τ(ℓ) ̸= n τ(n) ̸= n

0 if τ(ℓ) ̸= n τ(n) = n

=




2 if τ(ℓ) = n

1 if τ(ℓ) ̸= n τ(n) ̸= n

0 if τ(n) = n

τ(ℓ) = n τ(ℓ) > τ(n) τ(n) = n τ(ℓ) < τ(n)

11[τ(ℓ) = n] + 11[τ(n) ̸= n]− 11[τ(ℓ) ≥ τ(n)] =





2 if τ(ℓ) = n

1 if τ(ℓ) ̸= n τ(n) ̸= n

0 if τ(n) = n

−

{
1 if τ(ℓ) ≥ τ(n)

0 if τ(ℓ) < τ(n)

=




1 if τ(ℓ) = n

0 if τ(ℓ) ̸= n τ(n) ̸= n τ(ℓ) ≥ τ(n)

1 if τ(ℓ) ̸= n τ(n) ̸= n τ(ℓ) < τ(n)

0 if τ(n) = n

=




1 if τ(ℓ) = n

0 if n > τ(ℓ) ≥ τ(n)

1 if τ(ℓ) < τ(n) < n

0 if τ(n) = n

ℓ ∈ [n− 1] Modn(τ(ℓ)) ≥ Modn(τ(n)) τ(n) = n τ(n) ≤ τ(ℓ) < n
Modn(τ(ℓ)) < Modn(τ(n)) τ(ℓ) = n τ(ℓ) < τ(n) < n

11[τ(ℓ) = n] + 11[τ(n) ̸= n]− 11[τ(ℓ) ≥ τ(n)] = 11[Modn(τ(ℓ)) < Modn(τ(n))]

(18)

τ(1) + τ(ℓ)− τ(ℓ+ 1) + n (⌊g(1)⌋+ ⌊g(ℓ)⌋ − ⌊g(ℓ+ 1)⌋) = −11[Modn(τ(ℓ)) < Modn(τ(n))]

τ(1) = a (9) 18 δℓ = 11[Modn(τ(ℓ)) < Modn(τ(n))]

a = 0 19 (δk)
n−1
k=1 = (1)n−1

k=1 τ(n) = n− 1 (Modn(τ(i))
n − 1 )ℓ ∈ [n − 1] Modn(τ(ℓ)) < Modn(τ(n)) a = 0

δℓ = 11[Modn(τ(ℓ)) < Modn(τ(n))] = 1 (9)
a = n− 1 20 (δk)

n−1
k=1 = (0)n−1

k=1 τ(n) = n ℓ ∈ [n− 1]
Modn(τ(ℓ)) > Modn(τ(n)) a = n − 1 δℓ = 11[Modn(τ(ℓ)) < Modn(τ(n))] = 0

(9)
n = 2 τ = (12) τ = (21) τ = (12) τ

(1, (0)1k=1)-pNAP (9) τ = (21) τ
(0, (1)1k=1)-pNAP (9) □

28 n τ (a, (δk)
n−1
k=1)-pNAP τ (a ) τ(n) τ(1) = Modn(a−1)+1

τ(n) (τ(1) ) (n− 1) 19 20 a = 0
a = n− 1 a-pNAP n a-pNAP

1+ 1+ (n− 2)(n− 1) = n2 − 3n+ 4 pNAP a-pNAP

24
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28 4

29. n pNAP (n3 − 3n2 + 4n)

(9) τ 1 τ ′ ( τ ′(ℓ) ≡ τ(ℓ)+1 mod n) τ(ℓ) ̸= n
τ(n) ̸= n (⇔ τ ′(ℓ) ̸= 1 τ ′(n) ̸= 1) Modn(τ(ℓ)) < Modn(τ(n)) τ(ℓ) < τ(n)

τ(ℓ) < τ(n) τ ′(ℓ) < τ ′(n) τ(ℓ) = n τ ′(ℓ) = 1
Modn(τ(ℓ)) < Modn(τ(n)) τ ′(ℓ) < τ ′(n) τ(n) = n τ ′(n) = 1
Modn(τ(ℓ)) < Modn(τ(n)) τ ′(ℓ) < τ ′(n) (9) τ ′

τ ′(ℓ+ 1)− τ ′(ℓ) ≡ a+ 11[τ ′(ℓ) < τ ′(n)] mod n

−1 + 11[τ ′(ℓ) < τ ′(n)] = −(1− 11[τ ′(ℓ) < τ ′(n)]) = −11[τ ′(ℓ) ≥ τ ′(n)]

τ ′(1) ≡ τ(1) + 1 ≡ a+ 1 mod n

τ ′(ℓ+ 1)− τ ′(ℓ) ≡ τ ′(1)− 11[τ ′(ℓ) ≥ τ ′(n)] mod n

5

30. 28 (9) [3, 1 ] n

B

B 5 3
5

31. n 3 5 Not(A1) P N (a, b) Not(A1)
P Not(N) (a, b) Not(A1) P N (a, b)

Not(A1) P Not(N) (a, b)

. N (a, b) = (ta,b(1), ta,b(n)) (a, b), (a′, b′) ta,b = ta′,b′

N (a, b)
Not(A1) P N (a, b) b (a,Modn(b + 1))

ta,b = ta,Modn(b+1) b′ = Modn(b+ 1) b = ta,b(n) n− 1

b′ = b+ 1 pNAP ta,b δ⃗ = (δℓ)
δℓ (ℓ < n) Modn(b) = b

δℓ = 11[Modn(ta,b(ℓ)) < b]

ta,b ta,b(n) = b ℓ < n ta,b(ℓ) = b
δℓ (ℓ < n)

δℓ = 11[Modn(ta,b(ℓ)) ≤ b]

≤ b < b+ 1 b < n− 1
b+ 1 = Modn(b+ 1) (a, b+ 1) a = ta,b+1(1) = ta,b(1)

δ′ℓ = 11[Modn(ta,b+1(ℓ)) < Modn(b+ 1)]

28 23 8 (52741638) pNAP ( pNAP )(41638527)
1 pNAP a-pNAP

pNAP pNAP
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δ⃗′ ta,b+1 ta,b ta,b+1(n) = b ̸= b+1 N
b = n Modn(b) = 0 ta,b

δℓ = 11[Modn(ta,b(ℓ)) < 0]

δ⃗ = 0⃗ b′ = Modn(b+ 1) = 1 ta,b′

δ⃗′

δ′ℓ = 11[Modn(ta,b′(ℓ)) < 1]

ta,b′(ℓ) ̸= n δ′ℓ = 0 ta,b′(ℓ) = n ℓ ℓ0
ta,b′(ℓ) = ta,b(ℓ) ℓ ≤ ℓ0 ta,b(ℓ) = n N ℓ < n

δ′ = 0⃗ ta,b = ta,b′ b = n− 1 ta,b Not(A1) P
N ta,b P N A

21 (4) ta,b δ⃗ = (1n−1) Not(A1)
a ∈ [n]

B0 = {b ∈ [n] : ta,b Not(A1) P N }
B1 = {b ∈ [n] : ta,b Not(A1) P Not(N) }

ψ+ : B0 → B1

∈ ∈

b �→ b′ = Modn(b+ 1)

ta,b = ta,b′ b1, b2 ∈ B0 b′1 = b′2
ta,b1 = ta,b′1 = ta,b′2 = ta,b2 N b1 = b2 ψ+

b3 ∈ B1 1 ta,b3

ta,b3(ℓ+ 1)− ta,b3(ℓ) ≡ a+ 11[ta,b3(ℓ) < Modn(b3)] mod n (ℓ < n)

ta,b3 pNAP 3 b0 := ta,b3(n)

ta,b3(ℓ+ 1)− ta,b3(ℓ) ≡ a+ 11[ta,b3(ℓ) < Modn(b0)] mod n (ℓ < n)

2

11[ta,b3(ℓ) < Modn(b3)] ≡ 11[ta,b3(ℓ) < Modn(b0)] mod n (ℓ < n)

0 1

11[ta,b3(ℓ) < Modn(b0)] = 11[ta,b3(ℓ) < Modn(b3)] (19)

1 ta,b0 ta,b0(1) = a = ta,b3(1), ta,b0(2) = Modn(a + ta,b0(1) +
11[ta,b0(1) < Modn(b0)]) = Modn(a + ta,b3(1) + 11[ta,b3(1) < Modn(b3)]) = ta,b3(2), . . . ℓ = n − 1

ta,b0 = ta,b3 b0 = ta,b3(n) = ta,b0(n) (a, b0) N
b3 �→ b0 B1 B0 ψ− ta,b0 [n− 1]

[n] \ {b0} (ta,b0 = ta,b3 ta,b0(n) = b0 ) (19)

∀x ∈ [n] \ {b0} 11[x < Modn(b0)] = 11[x < Modn(b3)] (20)

b3 Not(N) b0 N b3 ̸= b0, Modn(b3) ̸= Modn(b0)
Modn(b0)−Modn(b3) ≥ 2 Modn(b0) > y > Modn(b3) y ∈ [n] y < Modn(b0) ≤ b0
y ̸= b0 y (20) x 1, 0 Modn(b3)−Modn(b0) ≥ 2

Modn(b3) > y > Modn(b0) y ∈ [n] n > y > Modn(b0) b0 = n
b0 = n (20) x ∈ [n − 1] 0

x ∈ [n − 1] x ≥ Modn(b3) b3 Modn(b3) = 0
Modn(b3) = 1 Modn(b3) − Modn(b1) ≥ 2 b0 ̸= n

Modn(b0) = b0 y ∈ [n] \ {b0} (20) 0, 1
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Modn(b3) ̸= Modn(b0) Modn(b3) = Modn(b0)− 1 Modn(b3) = Modn(b0) + 1
(20)

∀x ∈ [n] \ {b0} 11[x < Modn(b0)] = 11[x < Modn(b0)− 1]

Modn(b0) − 1 ≥ 1 Modn(b0) − 1 ∈ [n] \ {b0} x 1 = 11[x < Modn(b0)] ̸=
11[x < Modn(b0)− 1] = 0 Modn(b0)− 1 < 1 Modn(b0) = 0, Modn(b0) = 1

Modn(b3) = Modn(b0)− 1 ≥ 0 Modn(b0) = 0 Modn(b0) = 1, b0 = 1
ta,b0

ta,b0(ℓ+ 1) = Modn(ta,b0(ℓ) + a+ 11[ta,b0(ℓ) < 1]) (ℓ < n)

11[ta,b0(ℓ) < 1] ℓ < n 0⃗ ta,b0
ta,b0(ℓ) ≡ ℓa mod n ℓ ∈ [n] Modn(ta,b0(n)) = 0

1 = b0 = ta,b0(n) Modn(b3) = Modn(b0)−1 Modn(b3) = Modn(b0)+1
Modn(b3) = 0 Modn(b0) ≥ 0

b3 = Modn(b0 + 1) (b3 ∈ B1)

b3 = ψ+(ψ−(b3)) (b3 ∈ B1)

ψ+;B0 → B1

Not(A1) P N (a, b) Not(A1) P Not(N) (a, b)
□

32. n 3 5 A1 (a, b) N P
(a, b) ϕ(n)

. ta,b A1 δ⃗ = (1n−1) mod n a a+ 1
ta,b(ℓ) ≡ a+ (ℓ− 1)(a+ 1) mod n d = gcd(a+ 1, n) ta,b(ℓ+ n/d) ≡

a + (ℓ + n/d − 1)(a + 1) ≡ ta,b(ℓ) mod n ta,b n/d ta,b(n) ≡ a + (n − 1)(a + 1) ≡ −1
mod n ta,b(n) = n− 1 d > 1 ta,b(n− n/d) = n− 1

δ⃗ = (1n−1)

δℓ =

{
1 if Modn(ta,b(ℓ)) < Modn(b)

0 o.w.

ℓ < n 1 d > 1 ℓ = n− n/d
n− 1 < Modn(b) Modn d = 1

ta,b ta,b(n) ≡ a + (n − 1)(a + 1) ≡ −1 mod n ta,b(n) = n − 1
[n− 1] ta,b [n] \ {n− 1} Modn {0, 1, . . . , n− 2}

ℓ < n 1 Modn(b) = n − 1
b = n− 1 A1 (a, b) N P gcd(a+ 1, n) = 1

b = n− 1 (a, b) ϕ(n) □
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