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Abstract We consider a 2-dimensional version of Surányi’s bijections for Sós permutations. Surányi’s bijection

is a bijective map between the set of the short intervals appearing as the division of the unit interval

by the Farey sequence and the set of Sós permutations. A concept equivalent to Surányi’s bijection

is a bijective map between the set of the short intervals by the Farey sequence and the set of the

inverses of Sós permutations. In this article, we attempt to give a 2-dimensional analogue of the latter

map. First, we introduce our 2D version, which we refer to as a ranking table, of the inverse of a Sós

permutation. Then we define small polygons, which are bounded by the lines of so-called Farey diagram

and some additional lines, as our 2D version of the short intervals by the Farey sequence. Based on

these definitions, we show that our map between the set of the small polygons and the set of the ranking

tables is a well-defined surjection. Also, an examination using a computer shows that the map is in fact

bijective, for all 81 cases (which can be reduced to 45 cases by a symmetry) which are chosen as the cases

in which the size of the ranking table is small. Furthermore, we show that our map is indeed injective

when the image of the map is restricted to the set of the ranking tables formed by the standard Young

tableaux. This restricted map may be interpreted as yet another Surányi’s bijection which is different

from our 2D version. In fact, the domain which is similar to the short intervals by Farey sequences

appears for our bijective map into the set of Young tableaux. We also mention the triangles-quadrangles

conjecture for the Farey diagram in our context.

Key words — Farey diagram; Farey sequence; Sós permutation; Surányi’s bijection; symmetric group; Young

tableau
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Surányi

Sós

Surányi

[3, A1]

2

Surányi Farey

Sós ( Sós

)

Sós

2

Farey 2

Farey diagram [9]

well-defined

45 ( 81

)

81

Farey

Young

2

Surányi

Surányi (yet another Surányi’s

bijection)

Farey diagram

[10, 11]

2 Surányi ( )

n n

[n] A A

A |A|
[n] = {1, 2, . . . , n}, |[n]| = n ϕ

Euler’s totient function ϕ(n) n

n

a, b a b

0 a b gcd(a, b)

gcd(6, 15) = 3, gcd(−4, 9) = 1,

gcd(5, 0) = 5 a, b 0

gcd(0, 0) = 0 a, b, c

0 a, b, c

gcd(a, b, c) 0

gcd(0, 0, 0) = 0

α α

⌊α⌋ α

α − ⌊α⌋ {α} α

α

α 0 ≤ {α} < 1

⌊−3.2⌋ = −4,

{−3.2} = −3.2 − ⌊−3.2⌋ = −3.2 − (−4) = 0.8

n n Sn

n σ ∈ Sn

σ =

(
i1 i2 · · · in

σ(i1) σ(i2) · · · σ(in)

)

[n]

n [n] [n]

. (Sós ) n 2 1

α n

{α}, {2α}, . . . , {nα}

{k1α}, {k2α}, . . . , {knα}

n

(
1 2 · · · n

k1 k2 · · · kn

)

α n Sós 1

. (Sinv ) n 2 1

α α n

Sós α n Sinv

n

{α}, {2α}, . . . , {nα}
1 n n Sinv
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{k1α}, {k2α}, . . . , {knα}
(
k1 k2 · · · kn

1 2 · · · n

)
α

n Sinv

n

{α}, {2α}, . . . , {nα} {kiα}
({kiα} ) i

α n Sinv τα

τα(ki) = i k ∈ [n]

τα(k) = |{j ∈ [n] : {jα} ≤ {kα}}|
Sós Sinv α

{α}, . . . , {nα}
α

{α}, . . . , {nα}

1 Sós [5, Theorem 1]

1. (Sós ) n 2

1 α n

Sós πα k ∈ [n − 1]

πα(k+1)−πα(k) =




πα(1) (1)

πα(1)− πα(n) (2)

−πα(n) (3)

(1) πα(k) ≤ n−πα(1)

(2) n− πα(1) < πα(k) < πα(n) (3)

πα(n) ≤ πα(k) (n−πα(1) < πα(n)

) Sós πα πα(1)

πα(n)

Farey

n Farey 0

1 n

(f0, f1, . . . , fN )

f0 = 0, fN = 1

N =
∑n

i=1 ϕ(i) i = 0, . . . , n

fi pi qi fi =
pi
qi

f0 =
0
1 , fN = 1

1

Sós Farey Surányi

[6, Satz I] (cf. [7])

2. n 2 n

Farey (f0, f1, . . . , fN ) 1

α πα α n

Sós i ∈ [N ]

fi−1 < α < fi πα(1) fi−1 = a
b b

πα(n) fi =
c
d d

πα α Farey

1 2

α, β Farey fi−1, fi

(fi−1, fi) α, β ∈ (fi−1, fi)

πα = πβ

1 α n Sós

πα Sósn n Farey

(f0, f1, . . . , fN ) (f0, f1), (f1, f2),

. . ., (fN−1, fN ) (

) Fareyn 2

Fareyn → Sósn

∈ ∈

(fi−1, fi) �→ πα ( α ∈ (fi−1, fi))

well-defined

Farey

(fi−1, fi)

(b, d)

Surányi

Sinv

(cf. [3, A1]2)

. n 2 n Farey

(f0, f1, . . . , fN ) 1

2 α, β α, β

(i.e., ∃ i ∈ [N ] s.t. α, β ∈ (fi−1, fi))

α, β n Sinv τα, τβ

α ∈ (fi−1, fi)

2[3, A1] τα(b) = 1, τα(d) = n Farey
Fareyn → Sinvn
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τα(b) = 1, τα(d) = n b fi−1 =
a
b

, d fi =
c
d

1 α

n Sinv τα Sinvn

Fareyn → Sinvn

∈ ∈

(fi−1, fi) �→ τα ( α ∈ (fi−1, fi))

well-defined

3

Sós Steinhaus conjecture, Stein-

haus theorem, three distances theorem, three

gaps theorem

[5]

[8]

three gaps theorem

{α}, {2α}, . . . , {nα}
gap ( 2 )

three gaps

theorem 2 [12]

α, β 2

i, j ({iα + jβ})i,j
{iα+ jβ}

gap

three gaps theorem 2

Sós

m,n , α, β

(i, j) ∈ [m] × [n] mn

{iα + jβ}
mn

{s1α+ t1β}, {s2α+ t2α}, . . . , {smnα+ tmnβ}

[mn] [m] × [n]

π(α,β) : [mn] → [m]× [n]

∈ ∈

k �→ (sk, tk)

π(α,β) Sós

2

π(α,β)

τ(α,β) : [m]× [n] → [mn]

∈ ∈

(sk, tk) �→ k

τ(α,β) Sinv

(i, j) ∈ [m]× [n] τ(α,β)(i, j)

|{(s, t) ∈ [m]× [n] : {sα+ tβ} ≤ {iα+ jβ}}|

m,n 1

n = 1 {α+β}, {2α+β}, . . ., {mα+β}

[3]

Sós Sinv [8]

( ) n = 1

Three areas theorem [8,

Theorem 7] n = 1

{α}, {2α}, . . ., {mα}
β

2

2

m,n 2

. ( ) m,n 2 3

α, β i, j

|{(s, t) ∈ [m]× [n] : {sα+ tβ} ≤ {iα+ jβ}}|
3 1 A m,n 1

2
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τm,n
(α,β)(i, j) m,n

τ(α,β)(i, j) P = (α, β)

τ(α,β)(i, j) τP (i, j)

(τm,n
(α,β)(i, j))(i,j)∈[m]×[n] (α, β)

(m,n) (ranking table) τm,n
(α,β)

τm,n
P

τm,n
(α,β) := τm,n

P := (τm,n
(α,β)(i, j))(i,j)∈[m]×[n]

m,n (α, β)

τ(α,β) P τP

(τ(α,β)(i, j))(i,j)∈[m]×[n]

{iα + jβ}

“1334”-ranking

Surányi Fareyn → Sinvn

Sinvn

Fareyn ( )

4

Z R R2

[0, 1)2 [0, 1)

[0, 1)2 := {(α, β) ∈ R2 :

0 ≤ α, β < 1} (

) 1

. (L(m,n) F (m,n)) m,n 2

2 1

L1(m,n), L2(m,n), L(m,n)

L1(m,n) := {sX + tY + r :

(s, t, r) ∈ Z3 with s ∈ [m], t ∈ [n],

gcd(s, t, r) = 1, ∃ (α, β) ∈ [0, 1)2

s.t. sα+ tβ + r = 0

} ,

L2(m,n) := {uX + vY + r :

(u, v, r) ∈ Z3 with 0 ≤ u ≤ m− 1,

|v| ≤ n− 1, (u, v) ̸= (0, 0),

gcd(u, v, r) = 1, ∃ (α, β) ∈ [0, 1)2

s.t. uα+ vβ + r = 0

} ,

L(m,n) := L1(m,n)∪L2(m,n)∪{X − 1, Y − 1}.
L(m,n)

L(m,n) := {(x, y) ∈ [0, 1]2 :

∃ aX + bY + c ∈ L(m,n)

s.t. ax+ by + c = 0
}

1 [0, 1]2

L(m,n) F (m,n)

F (m,n) := [0, 1]2 \ L(m,n)

F (m,n) = [0, 1)2 \ L(m,n)

F (m,n) L(m,n) (

)

( )L(m,n)

L(m,n)

( )

L(m,n)

4

P (P

) E(P )

. ( E(P )) L(m,n)

( L(m,n) )

(small polygon)

P ∈ F (m,n) P E(P )

E(P ) ( )

( )

B 1

(m,n) = (4, 4) L(4, 4)

4 A A15 A17
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F (4, 4)(

B 1 ) P

P ∈ F (4, 4) 1 ( )

E(P )

P (

)

L1(m,n)

L(m,n) LF (m,n)

LF (m,n) := {(x, y) ∈ [0, 1]2 :

∃ aX + bY + c ∈ L2(m,n) ∪ {X − 1, Y − 1}
s.t. ax+ by + c = 0

}

LF (m,n) [9] Farey

lines

Farey lines (

) Farey diagram

[9, Figure 2] LF (4, 4)

B 2

L(m,n) Farey lines

LF (m,n) L1(m,n) \ L2(m,n)

Farey

lines LF (4, 4)( B 2) B 3

L(4, 4)( B

1)

Farey lines LF (m,n) 2X = 1 2Y = 1

L(m,n)

5 well-defined

F (m,n)

3. m,n 2

F (m,n) P (m,n)

τP P ∈ F (m,n)

[m] × [n] → [mn], (i, j) �→ τP (i, j)

3

RTm,n := { τm,n
P : P ∈ F (m,n)}

4

Surányi 2

4. m,n 2

F (m,n)

F (m,n) P,Q

τm,n
P , τm,n

Q P , Q (m,n)

E(P ) = E(Q)

τm,n
P = τm,n

Q

F (m,n) 2 P,Q

P ∼ Q E(P ) = E(Q) ∼
F (m,n)

F (m,n)/ ∼
4

F (m,n)/ ∼ → RTm,n

∈ ∈

E(P )/ ∼ �→ τP

well-defined

Sós

2 π(α,β)
Sós 2

π(α,β) 3 4

4

P = (α, β) π(α,β) πP

E(P ) = E(Q) πP = πQ

well-defined

m, n 2, . . . , 10

(m,n) well-defined

7

4 F (m,n)/ ∼
5

F (m,n)/ ∼

5. m,n 2

|F (m,n)/ ∼ | ≤ 2

3
(mn(m+ n))(mn(m+ n)− 1)
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|RTm,n| ≤
2

3
(mn(m+ n))(mn(m+ n)− 1)

6 E(P )

L1(m,n)

τP 1 mn

6 2 τα(b) = 1,

τα(d) = n

6. m,n 2 F (m,n)

P = (α, β) τP P (m,n)

sX+tY +r ∈ L1(m,n)

sX+tY +r = 0 E(P )

sα+tβ+r > 0

τP (s, t) = 1 sα+ tβ + r < 0

τP (s, t) = mn

Farey diagram

triangles-quadrangles conjecture (

)

[10, 11] L(m,n)

6

7. m,n 2

g : R2 → R2 2Y = 1

g(x, y) := (x, 1 − y)

P ∈ F (m,n) g(E(P ))

E(P ) g

g(P ) ∈ F (m,n) g(E(P )) = E(g(P )),

E(P ) X

Y E(P )

Farey diagram g(E(P ))

E(g(P ))

L(m,n) F (m,n)

g(E(P )) E(g(P ))

F (m,n) RTm,n

8

8. m,n 2

P ∈ R2 P (m,n)

τP ( [m] × [n] → [mn],

(i, j) �→ τP (i, j) ) τP = τQ

Q ∈ F (m,n)

RTm,n

{ τm,n
P : P ∈ R2}

A

6 Young

Young 4

( )Young

F (m,n)/ ∼ RTm,n (

Young )

Young

. m,n 2

P ∈ F (m,n) (m,n) τP =

(τP (i, j))(i,j)∈[m]×[n] Young

(i, j) ∈ [m−1]× [n] τP (i+1, j) > τP (i, j)

(i, j) ∈ [m]× [n−1] τP (i, j+1) >

τP (i, j)

Young

Young

Ferrers Sós
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[13]

Young Ferrers

Young

Young

9

9. m,n 2 (α, β) ∈
F (m,n) (m,n) Young

mα+ nβ < 1

9 Young

(0, 0)

9 4

10 11

10. m,n 2 F (m,n)

2 2

Young 2

2

F (m,n) P,Q τP , τQ

P,Q (m,n)

τP , τQ Young

τP = τQ E(P ) = E(Q)

m,n 2 (

)

{a
b

: (a, b) ∈ [m− 1]× [n− 1], gcd(a, b) = 1}

c1, c2, . . . , cM

M

c0 0, cM+1 +∞
c0 cM+1 (c0, c1, . . . , cM+1)

(ci−1, ci), i = 1, . . . ,M+1,

Y Fm,n := {(ci−1, ci) : i = 1, . . . ,M + 1}

Young

Y RTm,n := {τP ∈ RTm,n : τP Young }

τP ∈ Y RTm,n P = (α, β) ∈ F (m,n)

9 11

Y Fm,n → Y RTm,n Surányi

Fareyn → Sinvn 2

11. m,n 2

Y Fm,n → Y RTm,n

∈ ∈

(ci−1, ci) �→ τ(α,β) ( β
α ∈ (ci−i, ci))

well-defined

Young

|Y RTm,n| = 1+

|{(i, j) ∈ [m− 1]× [n− 1] : gcd(i, j) = 1}|

Young

(2, 3) (Y RT2,3 )

3 B 4 L(2, 3)

X Y

2X+3Y = 1 3

3 Young

Ferrers

Young

hook Frame-Robinson-Thrall

[14] Ferrers

λ = (λ1, λ2) = (3, 3) Young 5

5 Young
1 2 3
4 5 6 ,

1 2 4
3 5 6 ,

1 3 5
2 4 6 ,

1 2 5
3 4 6 ,

1 3 4
2 5 6 Y RT2,3

3

τ2,3
( 11
42

, 1
21

)
=

(
1 2 3
4 5 6

)
, τ2,3

( 17
105

, 4
35

)
=

(
1 2 4
3 5 6

)
,

τ2,3
( 1
15

, 8
45

)
=

(
1 3 5
2 4 6

)
( 1 (i, j) = (1, 1))

2 Y RT2,3

(m,n) = (10, 10)

RT10,10 Young

56 Ferrers

(λ1, λ2, . . . , λ10) = (10, 10, . . . , 10) Young

5.998687 × 1062 Ferres

Young
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A

7

m,n

Q(i): F (m,n)

r(m,n) r(m,n) ?

Q(ii): Farey diagram

[10, 11] 7

F (m,n)

F (m,n)

7

?

Q(iii): 4 P,Q ∈ F (m,n)

2 τP τQ

E(P ) E(Q)

? ( Young

10

4 F (m,n)

RTm,n

)

Q(iv): τP τP (i, j) (i, j) ∈
{(i′, j′) : i′ = 1 or j′ = 1} τP (i, j)

?

2 10 m n

:

Step 1 : L(m,n) 2

( )

1

[0, 1]2

V (m,n)

v(m,n) (V (m,n)

) V (m,n)

E(m,n) = {{v1, v2} :

v1, v2 ∈ V (m,n), v1 v2 }
2

v1, v2 ∈ V (m,n)

v1 ̸= v2 v1 v2 L(m,n)

v1v2

2 v ∈ V (m,n)

|E(m,n)|
e(m,n) E(m,n)

2

Step 2 : Euler ( )

F (m,n)

r(m,n) (Euler

[15] )

r(m,n) = e(m,n)− v(m,n)+ 1

Step 3 :

{v1, v2} ∈ E(m,n) v3 ∈ V (m,n)

{v1, v3} ∈ E(m,n) {v2, v3} ∈
E(m,n) v1v2v3

△(m,n)

Step 4 :

{v1, v2} ∈ E(m,n)

{v3, v4} ∈ E(m,n)

v1, v2, v3, v4 4

{v1, v3} ∈ E(m,n) {v2, v4} ∈
E(m,n) {v1, v4} ̸∈ E(m,n)

{v2, v3} ̸∈ E(m,n) {v5, vi} ∈
E(m,n) for i = 1, 2, 3, 4

v5 ∈ V (m,n)

v1v2v4v3

□(m,n)

Step 5 : r(m,n)
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△(m,n) +□(m,n)

Step 6 : Step 3 4

G

τG (

2

)

Step 1 Step 3, 4

Step 6

( )

12. m,n ∈ {2, 3, 4, 5, 6, 7, 8, 9, 10}
m ≥ n

A(i): F (m,n) r(m,n),

v(m,n), e(m,n),

△(m,n), □(m,n)

B 1

A(ii): r(m,n) = △(m,n) + □(m,n)

F (m,n)

A(iii): G1, G2

E(G1) ̸=E(G2) τG1 ̸=
τG2 . τG1 τG2

E(G1) = E(G2) 4

P ∈ E(G1) τP = τG1 ,

Q ∈ E(G2) τQ = τG2

m,n

4 P,Q ∈ F (m,n)

2 τP τQ

E(P ) E(Q)

A(iv): m ≥ 3 I = {(1, 1), (2, 1), (m, 1), (1, n)}
G1 G2

4 (τG1(i, j))(i,j)∈I
(τG2(i, j))(i,j)∈I 4

(τG1(i, j))(i,j)∈I (τG2(i, j))(i,j)∈I
E(G1) = E(G2)

m,n

4

8

Sós Sinv

2 Farey

2

F (m,n)/ ∼

Surányi

F (m,n)

6 11

Young

11 Surányi

2 10

Surányi

i = 1, . . . ,m,

j = 1, . . . , n τP (i, j) 11-

i = 0, . . . ,m−1, j = 0, . . . , n−1

00-

( τP (0, 0) 1

) 00- L(m,n)

Farey lines LF (m,n)

5 7

Farey diagram

00-

Farey diagram

11-

L(m,n) Farey lines

Farey diagram
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[6] J. Surányi, Über die Anordnung der

Vielfachen einer reellen Zahl mod 1, Ann.

Univ. Sci. Budapest. Eötvös, Sect. Math. 1

(1958) 107-111.

[7] A. V. Shutov, Farey fractions and permu-

tations generated by fractional part {iα},
Chebyshevskii Sb., Vol.15(1) (2014) 195-203.

[8] S. Bockiting-Conrad, Y. Kashina, T. K.

Petersen, B. E. Tenner, Sós permutations,

Amer. Math. Monthly, Vol.128 (2021) 407-

422.

[9] D. Khoshnoudirad, Farey lines defining Farey

diagrams and application to some discrete

structures, Appl. Anal. Discrete Math, Vol.

9 (2015) 73-84.
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A

5 6 A

[3, 4] Z R

A.1

A1. α ∈ R ∃! (m, r) ∈ Z × R with 0 ≤ r < 1 s.t. α = m+ r m ⌊α⌋
α r {α} α
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A2. A1 (∃! (m, r) ) α ∈ R 0 ≤ α−m < 1 m ∈ Z
⌊α⌋ = m, {α} = α−m

A3. α ∈ R, k ∈ Z (1) (2)
(1) ⌊α+ k⌋ = ⌊α⌋+ k, {α+ k} = {α}.

(2) −1 < α < 1 {α} =

{
α if 0 ≤ α < 1,

1 + α if − 1 < α < 0.

. (1) α = ⌊α⌋+ {α} α+ k = ⌊α⌋+ k + {α} ⌊α⌋+ k ∈ Z, 0 ≤ {α} < 1 A2
⌊α+ k⌋ = ⌊α⌋+ k, {α+ k} = {α}
(2) 0 ≤ α < 1 −1 < α < 0 0 < 1 + α < 1 (1) {α} = {1 + α} = 1+ α

A4. P 11(P) =

{
1 if P is true,

0 if P is false.

A3 A5 [3, 4]

A5. α, β ∈ R 11({β} ≤ {α}) = 1− ⌊α⌋+ ⌊β⌋+ ⌊α− β⌋

1− ⌊α⌋+ ⌊β⌋+ ⌊α− β⌋ =

{
1 if {β} ≤ {α},
0 if {β} > {α}.

. −1 < {α} − {β} < 1 0 ≤ {α} − {β} < 1 {β} ≤ {α} −1 < {α} − {β} < 0
{β} > {α} A3 (1) (2)

{α− β} = {⌊α⌋+ {α} − ⌊β⌋ − {β}} = {{α} − {β}} =

{
{α} − {β} if {β} ≤ {α},
1 + {α} − {β} if {β} > {α}

⌊α− β⌋+ {α− β} = α− β = ⌊α⌋+ {α} − ⌊β⌋ − {β}

−⌊α⌋+ ⌊β⌋+ ⌊α− β⌋ = {α} − {β} − {α− β} =

{
0 if {β} ≤ {α},
−1 if {β} > {α}

A6. α ∈ R ⌊α⌋+ ⌊−α⌋ = −11(α ̸∈ Z), {α}+ {−α} = 11(α ̸∈ Z)

. A5 1− ⌊0⌋+ ⌊−α⌋+ ⌊0− (−α)⌋ = 11({−α} ≤ 0) 1 + ⌊−α⌋+ ⌊α⌋
11(α ∈ Z) ⌊α⌋ + ⌊−α⌋ = −(1 − 11(α ∈ Z)) = −11(α ̸∈ Z) 0 = α + (−α) =

⌊α⌋+ {α}+ (⌊−α⌋+ {−α}) {α}+ {−α} = −(⌊α⌋+ ⌊−α⌋) = 11(α ̸∈ Z)

m 1 m {1, . . . ,m} [m] 0 1
( 1 ) [0, 1) [0, 1) = {α ∈ R : 0 ≤ α < 1}

3 m,n 2 m,n 1
m,n 1 m,n 2

A7. ( ) m,n ∈ Z>0, α, β ∈ R i, j ∈ Z τm,n
(α,β)(i, j)

τm,n
(α,β)(i, j) := |{(s, t) ∈ [m]× [n] : {sα+ tβ} ≤ {iα+ jβ}}|

τm,n
(α,β)(i, j) =

m∑
s=1

n∑
t=1

11({sα+ tβ} ≤ {iα+ jβ})
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P = (α, β) τm,n
(α,β)(i, j) τm,n

P (i, j) m,n

τ(α,β)(i, j) τP (i, j) (τm,n
(α,β)(i, j))(i,j)∈[m]×[n] (α, β)

(m,n) τm,n
(α,β)

τm,n
(α,β) := (τm,n

(α,β)(i, j))(i,j)∈[m]×[n]

P = (α, β) τm,n
(α,β) τm,n

P m,n τ(α,β)( τP )

(α, β) ( P )

A8. m,n ∈ Z>0 P = (α, β) ∈ R2 i, j ∈ Z (i, j) ∈ [m] × [n] τP (i, j)
(i, j) ∈ [m]× [n] {iα + jβ} ( “1334”-ranking)

τP τP [m]× [n] [mn]
τP

τP : [m]× [n] → [mn]

∈ ∈

(i, j) �→ |{(s, t) ∈ [m]× [n] : {sα+ tβ} ≤ {iα+ jβ}}| =
m∑
s=1

n∑
t=1

11({sα+ tβ} ≤ {iα+ jβ})

Sinv 2 ( Sós 2 ) 3

m,n ∈ Z>0 P = (α, β) ∈ R2 A5 i, j ∈ Z

τP (i, j) = τm,n
(α,β)(i, j) =

m∑
s=1

n∑
t=1

(1− ⌊iα+ jβ⌋+ ⌊sα+ tβ⌋+ ⌊(i− s)α+ (j − t)β⌋)

= mn (1− ⌊iα+ jβ⌋) +
m∑
s=1

n∑
t=1

(⌊sα+ tβ⌋+ ⌊(i− s)α+ (j − t)β⌋)

≡
m∑
s=1

n∑
t=1

(⌊sα+ tβ⌋+ ⌊(i− s)α+ (j − t)β⌋) mod mn (1)

A.2

A9 3 A10 A

A9. (L(m,n) F (m,n) ) m,n 2 2 1 L1(m,n),
L2(m,n), L(m,n)

L1(m,n) := {sX + tY + r :
(s, t, r) ∈ Z3 with s ∈ [m], t ∈ [n], gcd(s, t, r) = 1,

∃ (α, β) ∈ [0, 1)2 s.t. sα+ tβ + r = 0
}

L2(m,n) := {uX + vY + r :
(u, v, r) ∈ Z3 with 0 ≤ u ≤ m− 1, |v| ≤ n− 1, (u, v) ̸= (0, 0), gcd(u, v, r) = 1,

∃ (α, β) ∈ [0, 1)2 s.t. uα+ vβ + r = 0
}

L(m,n) := L1(m,n) ∪ L2(m,n) ∪ {X − 1, Y − 1}

5 L(m,n)

L(m,n) := {(x, y) ∈ [0, 1]2 : ∃ aX + bY + c ∈ L(m,n) s.t. ax+ by + c = 0}

5L1(m,n), L2(m,n) ∃ (α, β) ∈ [0, 1)2 · · · [0, 1)2 R2

(α, β) = (0, 0) α + β = 0 X + Y ∈ L1(m,n)
2X + Y,X + 2Y ∈ L1(m,n)
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[0, 1]2 L(m,n) F (m,n)

F (m,n) := [0, 1]2 \ L(m,n)

X,Y ∈ L2(m,n) X − 1, Y − 1 ∈ L(m,n) ∀z ∈ [0, 1] (0, z), (z, 0), (1, z), (z, 1) ∈
L(m,n)

F (m,n) = (0, 1)2 \ L(m,n) = (0, 1]2 \ L(m,n) = [0, 1)2 \ L(m,n)

A10. m,n 2 2 1 L̃1(m,n), L̃2(m,n), L̃(m,n)

L̃1(m,n) :=
{
sX + tY + r : (s, t, r) ∈ Z3 with s ∈ [m], t ∈ [n], ∃ (α, β) ∈ [0, 1)2 s.t. sα+ tβ + r = 0

}

L̃2(m,n) := {uX + vY + r :
(u, v, r) ∈ Z3 with |u| ≤ m− 1, |v| ≤ n− 1, (u, v) ̸= (0, 0),

∃ (α, β) ∈ [0, 1)2 s.t. uα+ vβ + r = 0
}

L̃(m,n) := L̃1(m,n) ∪ L̃2(m,n) ∪ {X − 1, Y − 1}

L̃1(m,n) := {(x, y) ∈ [0, 1)2 : ∃ aX + bY + c ∈ L̃1(m,n) s.t. ax+ by + c = 0}
L̃2(m,n) := {(x, y) ∈ [0, 1)2 : ∃ aX + bY + c ∈ L̃2(m,n) s.t. ax+ by + c = 0}
L1(m,n) := {(x, y) ∈ [0, 1)2 : ∃ aX + bY + c ∈ L1(m,n) s.t. ax+ by + c = 0}
L2(m,n) := {(x, y) ∈ [0, 1)2 : ∃ aX + bY + c ∈ L2(m,n) s.t. ax+ by + c = 0}

6

L̃(m,n) := {(x, y) ∈ [0, 1]2 : ∃ aX + bY + c ∈ L̃(m,n) s.t. ax+ by + c = 0}

L̃1(m,n) = L1(m,n), L̃2(m,n) = L2(m,n), L̃(m,n) = L(m,n)

. L1(m,n) ⊂ L̃1(m,n), L2(m,n) ⊂ L̃2(m,n), L(m,n) ⊂ L̃(m,n) L1(m,n) ⊂ L̃1(m,n),
L2(m,n) ⊂ L̃2(m,n), L(m,n) ⊂ L̃(m,n)

L1(m,n) ⊃ L̃1(m,n) (x, y) ∈ L̃1(m,n) ∃ aX + bY + c ∈ L̃1(m,n) s.t. ax + by + c = 0
aX + bY + c k = gcd(a, b, c) k ̸= 0 k = 1 aX + bY + c ∈ L1(m,n)
k ≥ 2 s = a

k , t =
b
k , r = c

k sx + ty + r = 0 gcd(s, t, r) = 1 s ∈ [m],
t ∈ [n] sX + tY + r ∈ L1(m,n) ∃ sX + tY + r ∈ L1(m,n) s.t. sx+ ty+ r = 0

(x, y) ∈ L1(m,n) L1(m,n) ⊃ L̃1(m,n)
L2(m,n) ⊃ L̃2(m,n) (x, y) ∈ L̃2(m,n) ∃ aX + bY + c ∈ L̃2(m,n) s.t. ax+ by + c = 0
aX + bY + c

a ≥ 0 k = gcd(a, b, c) k ̸= 0 k = 1 aX + bY + c ∈ L2(m,n) k ≥ 2
u = a

k , v = b
k , r = c

k ux+ vy+ r = 0 gcd(u, v, r) = 1 0 ≤ u ≤ m− 1, |v| ≤ n− 1
uX + vY + r ∈ L2(m,n) ∃ uX + vY + r ∈ L2(m,n) s.t. ux+ vy + r = 0

(x, y) ∈ L2(m,n)
a < 0 (−a)X + (−b)Y + (−c) ∈ L̃2(m,n) (−a)x + (−b)y + (−c) = 0

((a, b, c) �→ (−a,−b,−c) )a ≥ 0 (x, y) ∈ L2(m,n)
L2(m,n) ⊃ L̃2(m,n)

L(m,n) ⊃ L̃(m,n) X−1 ∈ L(m,n)∩L̃(m,n) ∀ y ∈ [0, 1] (1, y) ∈ L(m,n)∩ L̃(m,n)
Y − 1 ∈ L(m,n) ∩ L̃(m,n) ∀ x ∈ [0, 1] (x, 1) ∈ L(m,n) ∩ L̃(m,n)

(x, y) ∈ [0, 1)2 ∩ L̃(m,n) (x, y) ∈ L(m,n) (x − 1 ̸= 0, y − 1 ̸= 0 )
aX+ bY + c ∈ L̃(m,n) s.t. ax+ by+ c = 0 1 aX+ bY + c L̃1(m,n) L̃2(m,n)
(x, y) ∈ L̃1(m,n)∪L̃2(m,n) L̃1(m,n)∪L̃2(m,n) ⊂ L1(m,n)∪L2(m,n) ⊂ L(m,n) L(m,n) ⊃ L̃(m,n)

6 X + Y ∈ L1(m,n) (0, 0) ∈ L1(m,n)
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A11. L(m,n) [0, 1]2 aX + bY + c = 0 with aX + bY + c ∈ L(m,n)
A10 (L(m,n) ) [0, 1]2 aX + bY + c = 0 with aX + bY + c ∈ L̃(m,n)

L(m,n)( F (m,n)) L(m,n) 1 L(m,n)
L̃(m,n)

L2(m,n) (u v )

L2(m,n) := {uX + vY + r :
(u, v, r) ∈ Z3 with |u| ≤ m− 1, 0 ≤ v ≤ n− 1, (u, v) ̸= (0, 0), gcd(u, v, r) = 1,

∃ (α, β) ∈ [0, 1)2 s.t. uα+ vβ + r = 0
}

L(m,n) 1 L(m,n) L̃(m,n)
( L2(m,n) A9 )

L(m,n)( F (m,n)) A10 L̃(m,n) L(m,n)
L(m,n) L̃(m,n) 1

A9 A10 L(m,n) = L̃(m,n)
A.5 L̃(m,n) L̃(m,n)

F (m,n),

F (m,n) = [0, 1]2 \ L̃(m,n) = (0, 1)2 \ L̃(m,n) = (0, 1]2 \ L̃(m,n) = [0, 1)2 \ L̃(m,n)

L1(m,n), L2(m,n) L̃1(m,n), L̃2(m,n)

A12 (3) |L(m,n)| Farey lines
[9, Theorem 1]

A12. m,n ∈ Z>0 2 L1(m,n) L1, L2(m,n) L2

M1 := {sX + tY + r : (s, t, r) ∈ Z3 with s ∈ [m], t ∈ [n],−(s+ t) + 1 ≤ r ≤ 0, gcd(s, t, r) = 1}
M0,+

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u = 0, v ∈ [n− 1],−v + 1 ≤ r ≤ 0, gcd(u, v, r) = 1}
M0,−

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u = 0,−v ∈ [n− 1], 0 ≤ r ≤ −v − 1, gcd(u, v, r) = 1}
M+,0

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u ∈ [m− 1], v = 0,−u+ 1 ≤ r ≤ 0, gcd(u, v, r) = 1}
M+,+

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u ∈ [m− 1], v ∈ [n− 1],−(u+ v) + 1 ≤ r ≤ 0, gcd(u, v, r) = 1}
M+,−

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u ∈ [m− 1],−v ∈ [n− 1],−u+ 1 ≤ r ≤ −v − 1, gcd(u, v, r) = 1}

(1),(2),(3)
(1) L1 = M1.
(2) L2 = M0,+

2 ∪M0,−
2 ∪M+,0

2 ∪M+,+
2 ∪M+,−

2 .
(3) M1

1, M2
1, M3

1

M1
1 := {sX + tY + r : (s, t, r) ∈ Z3 with s = m, t ∈ [n− 1],−(s+ t) + 1 ≤ r ≤ 0, gcd(s, t, r) = 1}

M2
1 := {sX + tY + r : (s, t, r) ∈ Z3 with s ∈ [m− 1], t = n,−(s+ t) + 1 ≤ r ≤ 0, gcd(s, t, r) = 1}

M3
1 := {sX + tY + r : (s, t, r) ∈ Z3 with s = m, t = n,−(s+ t) + 1 ≤ r ≤ 0, gcd(s, t, r) = 1}

L1 \ L2 = M1
1 ∪M2

1 ∪M3
1

|L(m,n)| ≤ (mn+ 1)(m+ n− 1) +
1

2
n(n− 1) + 2

. (1) sX + tY + r ∈ L1 ∃ (α, β) ∈ [0, 1)2 s.t. sα + tβ + r = 0 s ∈ [m], t ∈ [n]
−r = sα + tβ < s + t −r = sα + tβ ≥ 0 0 ≤ −r < s + t s, t, r ∈ Z
−r ≤ s + t − 1 −(s + t) + 1 ≤ r ≤ 0 gcd(s, t, r) = 1 sX + tY + r ∈ M1

sX + tY + r ∈ M1 s ∈ [m], t ∈ [n], −(s + t) + 1 ≤ r ≤ 0 −r
s+t ∈ [0, 1)

α = β = −r
s+t sα+ tβ + r = 0 gcd(s, t, r) = 1 sX + tY + r ∈ L1

(2) uX + vY + r ∈ L2 ( ) ( ) ∃ (α, β) ∈ [0, 1)2 s.t.
uα+ vβ + r = 0 (α, β)
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( ) u = 0, 1 ≤ v ≤ n− 1
u = 0 −r = vβ < v 0 ≤ vβ = −r v, r ∈ Z −r ≤ v − 1 −v + 1 ≤ r ≤ 0

gcd(u, v, r) = 1 uX + vY + r ∈ M0,+
2

( ) u = 0, −(n− 1) ≤ v ≤ −1
u = 0 −r = vβ > v 0 ≥ vβ = −r 0 ≤ r < −v v, r ∈ Z 0 ≤ r ≤ −v − 1

gcd(u, v, r) = 1 uX + vY + r ∈ M0,−
2

( ) 1 ≤ u ≤ m− 1, v = 0
v = 0 −r = uα < u 0 ≤ uα = −r u, r ∈ Z 0 ≤ −r ≤ u−1 −u+1 ≤ r ≤ 0

gcd(u, v, r) = 1 uX + vY + r ∈ M+,0
2

( ) 1 ≤ u ≤ m− 1, 1 ≤ v ≤ n− 1
(1) −r = uα + vβ 1 ≤ u ≤ m − 1, 1 ≤ v ≤ n − 1

−r < u+ v −r = uα+ vβ ≥ 0 u, v, r ∈ Z 0 ≤ −r ≤ u+ v − 1 gcd(u, v, r) = 1
uX + vY + r ∈ M+,+

2

( ) 1 ≤ u ≤ m− 1, −(n− 1) ≤ v ≤ −1
1 ≤ u ≤ m−1, −(n−1) ≤ v ≤ −1 −r = uα+vβ < u, −r = uα+vβ > v v < −r < u
u, v, r ∈ Z v+1 ≤ −r ≤ u−1 −u+1 ≤ r ≤ −v−1 gcd(u, v, r) = 1 uX+vY +r ∈ M+,−

2

uX + vY + r ∈ M0,+
2 ∪M0,−

2 ∪M+,0
2 ∪M+,+

2 ∪M+,−
2

uX + vY + r ∈ M0,+
2

u = 0, 1 ≤ v ≤ n− 1, −v+ 1 ≤ r ≤ 0 −r
v ∈ [0, 1) (α, β) = (0, −r

v ) (α, β) ∈ [0, 1)2

uα+ vβ + r = 0 gcd(u, v, r) = 1 uX + vY + r ∈ L2

uX + vY + r ∈ M0,−
2

u = 0, −n+ 1 ≤ v ≤ −1, 0 ≤ r ≤ −v − 1 0 ≤ r
−v ≤ −v−1

−v < 1 (α, β) = (0, r
−v )

(α, β) ∈ [0, 1)2 uα+ vβ + r = 0 gcd(u, v, r) = 1 uX + vY + r ∈ L2

uX + vY + r ∈ M+,0
2

1 ≤ u ≤ m− 1, v = 0, −u+ 1 ≤ r ≤ 0 −r
u ∈ [0, 1) (α, β) = (−r

u , 0) (α, β) ∈ [0, 1)2

uα+ vβ + r = 0 gcd(u, v, r) = 1 uX + vY + r ∈ L2

uX + vY + r ∈ M+,+
2

(1) 1 ≤ u ≤ m− 1, 1 ≤ v ≤ n− 1, −(u+ v) + 1 ≤ r ≤ 0 −r
u+v ∈ [0, 1)

α = β = −r
u+v (α, β) ∈ [0, 1)2 uα+ vβ + r = 0 gcd(u, v, r) = 1

uX + vY + r ∈ L2

uX + vY + r ∈ M+,−
2

1 ≤ u ≤ m−1, −n+1 ≤ v ≤ −1, −u+1 ≤ r ≤ −v−1 0 ≤ max(−r, 0) ≤ u−1, v+1 ≤ min(−r, 0) ≤ 0

0 ≤ min(−r,0)
v ≤ v+1

v = 1 − 1
−v < 1 (α, β) = (max(−r,0)

u , min(−r,0)
v ) (α, β) ∈ [0, 1)2

uα+ vβ = max(−r, 0) +min(−r, 0) = −r uα+ vβ + r = 0 gcd(u, v, r) = 1
uX + vY + r ∈ L2

(3) M1 \M+,+
2 = M1

1 ∪M2
1 ∪M3

1 M1 ∩ (M0,+
2 ∪M0,−

2 ∪M+,0
2 ∪M+,−

2 ) = ∅
L1 \ L2 = M1

1 ∪M2
1 ∪M3

1

|M1
1| ≤

∑n−1
t=1 (m+ t) = 1

2 (2m+ n)(n− 1), |M2
1| ≤

∑m−1
s=1 (n+ s) = 1

2 (m+2n)(m− 1), |M3
1| ≤ m+ n

|M0,+
2 | ≤

∑n−1
v=1 v = 1

2n(n− 1), |M0,−
2 | ≤

∑n−1
v=1 v = 1

2n(n− 1), |M+,0
2 | ≤

∑m−1
u=1 u = 1

2m(m− 1), |M+,+
2 | ≤∑m−1

u=1

∑n−1
v=1 (u+v) = 1

2 (m+n)(m−1)(n−1), |M+,−
2 | ≤

∑m−1
u=1

∑n−1
v=1 (u+v−1) = 1

2 (m+n−2)(m−1)(n−1),
L = (L1 \L2)∪(L2)∪{X−1, Y −1} |L| ≤ |L1 \L2|+ |L2|+2 ≤ (mn+1)(m+n−1)+ 1

2n(n−1)+2

A13. m,n 2 aX + bY + c ∈ L(m,n) 2

D+(aX + bY + c) := {(x, y) ∈ R2 : ax+ by + c > 0}, D−(aX + bY + c) := {(x, y) ∈ R2 : ax+ by + c < 0}

7 L(m,n) S

D(S) :=

( ∩
aX+bY+c∈S

D+(aX + bY + c)

)
∩




∩
aX+bY +c
∈L(m,n)\S

D−(aX + bY + c)


 ∩ (0, 1)2

7 2 aX + bY + c = 0 1 aX + bY + c
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S D(S)
A16 A10 L̃(m,n) aX + bY + c ∈ L̃(m,n) D+, D−

S ⊂ L̃(m,n) D(S) ( D(S) L(m,n) L̃(m,n)
)

R2 aX + bY + c ∈ L(m,n) aX + bY + c = 0
{(x, y) ∈ R2 : ax+ by+ c = 0} L(m,n) aX + bY + c
aX + bY + c = 0

X,Y,X − 1, Y − 1 ∈ L(m,n)

D+(X) ∩D+(Y ) ∩D−(X − 1) ∩D−(Y − 1)

X = 0, Y = 0,X − 1 = 0,Y − 1 = 0 (0, 1)2

A14. ( ) m,n 2 A9 L(m,n) [0, 1]2

L(m,n) ( ) A12 (3) F (m,n)

[0, 1]2 L(m,n)

L(m,n)

( )
F (m,n) ( )

A15. m,n 2 (1),(2),(3)
(1) S ⊂ L(m,n) D(S) L(m,n)
(2) S ⊂ L(m,n) D(S) [0, 1]2 ( )

L(m,n) ( )
(3) F (m,n) =

∪
S⊂L(m,n) D(S).

. L(m,n) L
(1) D(S) D(S) P = (α, β) ∈ D(S)
aX + bY + c ∈ L aX + bY + c ∈ S P ∈ D+(aX + bY + c) aα + bβ + c > 0,

aα+bβ+c ̸= 0 aX+bY +c ̸∈ S P ∈ D−(aX+bY +c) aα+bβ+c < 0, aα+bβ+c ̸= 0
D(S) aX + bY + c = 0

(2) D(S) D(S) [0, 1]2 A12 (3) L
aX + bY + c ∈ L D+(aX + bY + c), D−(aX + bY + c)

aX + bY + c = 0 ( ) D(S) ( )
[0, 1]2 D(S) L ( ) (

) D(S)
D(S) D(S) ( )

3 P,Q,R P,Q,R PR Q
PQ QR L [0, 1]2 [0, 1]2

( (0, 1)2) 2 [0, 1]2 Q
[0, 1]2 ∠PQR≤ π ∠PQR> π Q

[0, 1]2 (∠PQR> π ) PQ Q P (
QR Q R ) D(S) (1)
∠PQR≤ π ∠PQR= π Q PR

∠PQR< π π
(3) F (m,n) A14 ( ) (1),(2)

D(S) L(m,n) D(S) [0, 1]2

( ) L(m,n) ( )
F (m,n) ⊃

∪
S⊂L(m,n) D(S) F (m,n) ⊂

∪
S⊂L(m,n) D(S) F (m,n)

1 F0 F0 L ( ) F0

( ) (F0 2 f(X,Y ) := aX+bY +c
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) aX + bY + c ∈ L P = (x, y) ∈ F0 (f(X,Y )
f(x, y) ̸= 0 )ax+ by+ c > 0 ax+ by+ c < 0 F0 ⊂ D(S)

S ⊂ L ( ) S 1
F0 L ( ) F0 ( ) R ⊂ L ( L

8 )
F0 R

F0 =


 ∩

aX+bY+c∈R+

D+(aX + bY + c)


 ∩


 ∩

aX+bY+c∈R−

D−(aX + bY + c)


 ∩ (0, 1)2

2 R = R+ ⊔R− F0 ⊂ D(S) S

D(S) =

( ∩
aX+bY+c∈S

D+(aX + bY + c)

)
∩




∩
aX+bY +c

∈L\S

D−(aX + bY + c)


 ∩ (0, 1)2

T

T :=




∩
aX+bY +c
∈(S\R)

D+(aX + bY + c)


 ∩




∩
aX+bY +c
∈(L\R)\S

D−(aX + bY + c)


 ∩ (0, 1)2

D(S) ⊂ T F0 ⊂ D(S) F0 ⊂ T S ′ := (S \ R) ∪R+

L ·c R = R+ ⊔R−

S ′ = (S \ R) ∪R+ = (S ∩ (R+ ∪R−)
c) ∪R+ = (S ∩ (Rc

+ ∩Rc
−)) ∪R+ = (S ∪ R+) ∩ ((Rc

+ ∩Rc
−) ∪R+)

= (S ∪ R+) ∩ ((Rc
+ ∪R+) ∩ (Rc

− ∪R+)) = (S ∪ R+) ∩ (L ∩Rc
−) = (S ∪ R+) ∩Rc

−

L \ S ′ = (S ′)c = ((S ∪ R+) ∩Rc
−)

c = (S ∪ R+)
c ∪R− = (Sc ∩Rc

+) ∪R− = (Sc ∪R−) ∩ (Rc
+ ∪R−)

= (Sc ∪R−) ∩ (Rc
+ ∪R−) ∩ L = (Sc ∪R−) ∩ (Rc

+ ∪R−) ∩ (Rc
− ∪R−) = (Sc ∩Rc

+ ∩Rc
−) ∪R−

= (Sc ∩ (R+ ∪R−)
c) ∪R− = (Sc ∩Rc) ∪R− = ((L \ S) \ R) ∪R−

F0 ⊂ T

D(S ′) =

( ∩
aX+bY+c∈S′

D+(aX + bY + c)

)
∩




∩
aX+bY +c

∈L\S′

D−(aX + bY + c)


 ∩ (0, 1)2

=




∩
aX+bY +c

∈(S\R)∪R+

D+(aX + bY + c)


 ∩




∩
aX+bY +c

∈((L\S)\R)∪R−

D−(aX + bY + c)


 ∩ (0, 1)2

=




∩
aX+bY +c
∈(S\R)

D+(aX + bY + c)


 ∩




∩
aX+bY +c

∈R+

D+(aX + bY + c)




∩




∩
aX+bY +c

∈((L\S)\R)

D−(aX + bY + c)


 ∩




∩
aX+bY +c

∈R−

D−(aX + bY + c)


 ∩ (0, 1)2 = T ∩ F0 = F0

F (m,n) ⊂
∪

S⊂L(m,n) D(S)

8L L̃(m,n)
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A16. A10 L̃(m,n) A12 L̃(m,n)
L(m,n) L̃(m,n) A15

(1) S ⊂ L̃(m,n) D(S) L̃(m,n)
(2) S ⊂ L̃(m,n) D(S) [0, 1]2 ( )

L̃(m,n) ( )
(3) F (m,n) =

∪
S⊂L̃(m,n) D(S).
D(S) L̃(m,n)

A12 A15
A16 A25

A16 A

A17. ( E(P )) m,n 2 P ∈ F (m,n) E(P ) P
A15 (3) P ∈ F (m,n) E(P ) = D(S) S ⊂ L(m,n)

E(P ) P,Q ∈ F (m,n) E(P ) = E(Q)
P ∼ Q ∼ F (m,n) F (m,n)/ ∼

( )( )
2 E(P ) E(Q)

2

A.3 5

5 5 4 5
L(m,n) A18 5

A18. m,n 2

|F (m,n)/ ∼ | ≤ 2

3
(mn(m+ n)) (mn(m+ n)− 1)

. A12 (3)

|L(m,n)| ≤ (mn+ 1)(m+ n− 1) +
n(n− 1)

2
+ 2

n(n−1)
2 A9 L2(m,n) A12 M0,−

2

A11 L2(m,n) n(n−1)
2

m(m−1)
2

|L(m,n)| ≤ (mn+ 1)(m+ n− 1) +
min (n(n− 1),m(m− 1))

2
+ 2 (2)

m ≥ n (m ≤ n ) (2)

mn(m+ n)−
(
(m− n)(n− 1) +

1

2
(n− 4)(n+ 1) + 1

)

m ≥ n, n ≥ 2 n ≥ 4 |L(m,n)| ≤ mn(m + n)
n = 3 (m − n)(n − 1) + 1

2 (n − 4)(n + 1) + 1 = 2m − 7 (n = 3 )m ≥ 4
|L(m,n)| ≤ mn(m+ n) n = 2 (m− n)(n− 1) + 1

2 (n− 4)(n+ 1) + 1 = m− 4
(n = 2 )m ≥ 4 |L(m,n)| ≤ mn(m+n) (m,n) = (2, 2),

(3, 2), (3, 3) |L(m,n)| ≤ mn(m+ n)
(m,n) = (2, 2), (3, 2), (3, 3) L(m,n) 2 [0, 1]2(

) [0, 1]2 ( )4 3 1
( )6 ( 3

4× 3 = 12 ). ℓ 1 2ℓ
( 1

2ℓ(ℓ− 1) 4× 1
2ℓ(ℓ− 1)

). L(m,n) (3 1 )
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1
2mn(m+ n)(mn(m+ n)− 1) ( 4 ) 4× 1

2mn(m+ n)(mn(m+ n)− 1)
A = 2mn(m+ n)(mn(m+ n)− 1) A F (m,n)

E(P ), P ∈ F (m,n), E(P ) ( 2 )
E(P ) 1 E(P ) s E(P )

s E(P ) 3 E(P ) (
)3 A F (m,n) |F (m,n)/ ∼ |, 3

|F (m,n)/ ∼ | ≤ A
3 (m,n) = (2, 2), (3, 2), (3, 3)

(m,n) = (2, 2), (3, 2), (3, 3) ( B 1
) |F (2, 2)/ ∼ | = 16, |F (3, 2)/ ∼ | = 58, |F (3, 3)/ ∼ | = 180

(m,n) = (2, 2), (3, 2), (3, 3) 2
3mn(m+ n)(mn(m+ n)− 1) 160, 580, 1908 ((m,n) =

(2, 2), (3, 2), (3, 3) )

A.4 3

3 A19

A19. m,n 2 P = (α, β) ∈ [0, 1)2 (1) (2)
(1) τm,n

P ∃ (i, j), (s, t) ∈ [m]× [n] with (i, j) ̸= (s, t) s.t. τm,n
P (i, j) = τm,n

P (s, t).
(2) P ∈ L2(m,n).

. A10 (2) P ∈ L̃2(m,n) (1) P ∈ L̃2(m,n)
(1) ∃ (i, j), (s, t) ∈ [m] × [n] with (i, j) ̸= (s, t) s.t. {iα + jβ} = {sα + tβ}

(∃ (i, j), (s, t) ∈ [m] × [n] with (i − s, j − t) ̸= (0, 0) s.t. ) (i − s)α + (j − t)β ∈ Z |i − s| ≤ m − 1,
|j − t| ≤ n− 1 P ∈ L̃2(m,n)

P ∈ L̃2(m,n) ∃ (u, v, r) ∈ Z3 with |u| ≤ m− 1, |v| ≤ n− 1, (u, v) ̸= (0, 0) s.t. uα+ vβ + r = 0
u, v u ≥ 0 i = u+ 1, s = 1, u < 0 i = 1, s = −(u− 1) u = i− s

i, s ∈ [m] v ≥ 0 j = v + 1, t = 1, v < 0 j = 1, t = −(v − 1) v = j − t
j, t ∈ [n] (i, j) = (s, t) (u, v) = (i− s, j − t) = (0, 0)

(i, j) ̸= (s, t) ∃ (i, j), (s, t) ∈ [m]× [n] with (i, j) ̸= (s, t) s.t. uα+ vβ = (i− s)α+ (j − s)β ∈ Z
A3 (1) {iα+ jβ} = {sα+ tβ} (1)

A.5 4

A20. m,n 2 P = (α, β) ∈ R2

δ1(P ) := inf
(s,t,r)∈Z3

(s,t)∈[m]×[n]

|sα+ tβ + r|√
s2 + t2

, δ2(P ) := inf
(u,v,r)∈Z3
|u|≤m−1
|v|≤n−1

(u,v) ̸=(0,0)

|uα+ vβ + r|√
u2 + v2

δ1(P ) (s, t, r) ∈ Z3 with (s, t) ∈ [m]× [n] sX + tY + r = 0 P (
) δ2(P ) (u, v, r) ∈ Z3 with |u| ≤ m − 1, |v| ≤ n − 1,

(u, v) ̸= (0, 0) uX + vY + r = 0 X = 0, Y = 0, X − 1 = 0, Y − 1 = 0, [0, 1]2

A21. m,n 2 P = (α, β) ∈ [0, 1)2

δ1(P ) = min
(s,t)∈Z2
1≤s≤m
1≤t≤n

min ({sα+ tβ}, 1− {sα+ tβ})√
s2 + t2

, δ2(P ) = min
(u,v)∈Z2
|u|≤m−1
|v|≤n−1

(u,v) ̸=(0,0)

min ({uα+ vβ}, 1− {uα+ vβ})√
u2 + v2

(3)

. (s, t) ∈ [m]× [n] (α, β) ∈ [0, 1)2 sα+ tβ < m+ n

inf
r∈Z

|sα+ tβ + r|√
s2 + t2

= min
r∈Z

|r|≤m+n+1

|sα+ tβ + r|√
s2 + t2

= min
r∈Z

|r|≤m+n+1

|⌊sα+ tβ⌋+ r + {sα+ tβ}|√
s2 + t2

=
min ({sα+ tβ}, 1− {sα+ tβ})√

s2 + t2
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(3) δ1(P ) |u| ≤ m− 1, |v| ≤ n− 1, (u, v) ̸= (0, 0) (u, v) ∈ Z2

|uα+ vβ| < m+ n− 2

inf
r∈Z

|uα+ vβ + r|√
u2 + r2

= min
r∈Z

|r|≤m+n−1

|uα+ vβ + r|√
u2 + r2

= min
r∈Z

|r|≤m+n−1

|⌊uα+ vβ⌋+ r + {uα+ vβ}|√
u2 + r2

=
min ({uα+ vβ}, 1− {uα+ vβ})√

u2 + v2

(3) δ2(P )

A10 L̃1(m,n), L̃2(m,n), L̃1(m,n), L̃2(m,n)

A22. m,n 2 (1) (2) || · || (
R2 )

(1) P ∈ (α, β) ∈ [0, 1)2 \ L̃1(m,n) ϵ1 := δ1(P )
2(m+n) ϵ1 > 0

(α′, β′) ∈ [0, 1)2 with ||(α′, β′) − (α, β)|| < ϵ1 s, t with 1 ≤ s ≤ m, 1 ≤ t ≤ n
⌊sα′ + tβ′⌋ = ⌊sα+ tβ⌋

(2) P ∈ (α, β) ∈ [0, 1)2 \ L̃2(m,n) ϵ2 := δ2(P )
2(m+n−2) ϵ2 > 0

(α′, β′) ∈ [0, 1)2 with ||(α′, β′) − (α, β)|| < ϵ2 u, v with |u| ≤ m − 1, |v| ≤ n − 1 9

⌊uα′ + vβ′⌋ = ⌊uα+ vβ⌋

. P = (α, β) ̸∈ L̃1(m,n) 10 A21 (3) δ1(P ) {sα + tβ}, 1− {sα + tβ}
0

0 < δ1(P ) = min
(s,t)∈Z2
1≤s≤m
1≤t≤n

min ({sα+ tβ}, 1− {sα+ tβ})√
s2 + t2

< min
(s,t)∈Z2
1≤s≤m
1≤t≤n

min ({sα+ tβ}, 1− {sα+ tβ}) (4)

P = (α, β) ̸∈ L̃2(m,n) 11 A21 (3) δ2(P ) {uα+ vβ}, 1− {uα+ vβ}
0

0 < δ2(P ) = min
(u,v)∈Z2
|u|≤m−1
|v|≤n−1

(u,v) ̸=(0,0)

min ({uα+ vβ}, 1− {uα+ vβ})√
u2 + v2

≤ min
(u,v)∈Z2
|u|≤m−1
|v|≤n−1

(u,v) ̸=(0,0)

min ({uα+ vβ}, 1− {uα+ vβ}) (5)

ϵ1 = δ1(P )
2(m+n) , ϵ2 = δ2(P )

2(m+n−2) ϵ1 > 0, ϵ2 > 0

(1) ||(α′, β′)− (α, β)|| < ϵ1 (α′, β′) ∈ [0, 1)2 1 ≤ s ≤ m, 1 ≤ t ≤ n s, t

|(sα′ + tβ′)− (sα+ tβ)| = |s(α′ − α) + t(β′ − β)| ≤ s|α′ − α|+ t|β′ − β| ≤ (s+ t)ϵ1 ≤ (m+ n)ϵ1 =
δ1(P )

2

sα+ tβ − δ1(P )
2 ≤ sα′ + tβ′ ≤ sα+ tβ + δ1(P )

2

{sα+ tβ} − δ1(P )

2
≤ sα′ + tβ′ − ⌊sα+ tβ⌋ ≤ {sα+ tβ}+ δ1(P )

2

(4) 0 < {sα+tβ}− δ1(P )
2 {sα+tβ}+ δ1(P )

2 < 1 0 < sα′+tβ′−⌊sα+tβ⌋ < 1
A2 ⌊sα′ + tβ′⌋ = ⌊sα+ tβ⌋

(2) ||(α′, β′)− (α, β)|| < ϵ2 (α′, β′) ∈ [0, 1)2 |u| ≤ m− 1, |v| ≤ n− 1
u, v ( ) ( )
( ) (u, v) = (0, 0) ⌊uα′ + vβ′⌋ = 0 = ⌊uα+ vβ⌋

9(u, v) = (0, 0)
10 P ̸= (0, 0) ( ) (α, β) = (0, 0) α+β = 0 X+Y ∈ L̃1(m,n)

(0, 0) ∈ L̃1(m,n)
11X,Y ∈ L̃2(m,n) α, β 0
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( ) (u, v) ̸= (0, 0) (1)

|(uα′+vβ′)−(uα+vβ)| = |u(α′−α)+v(β′−β)| ≤ |u| · |α′−α|+ |v| · |β′−β| ≤ (|u|+ |v|)ϵ2 ≤ (m+n−2)ϵ2 =
δ2(P )

2

uα+ vβ − δ2(P )
2 ≤ uα′ + vβ′ ≤ uα+ vβ + δ2(P )

2

{uα+ vβ} − δ2(P )

2
≤ uα′ + vβ′ − ⌊uα+ vβ⌋ ≤ {uα+ vβ}+ δ2(P )

2

(5) 0 < {uα+vβ}− δ2(P )
2 {uα+vβ}+ δ2(P )

2 < 1 A2 ⌊uα′+vβ′⌋ = ⌊uα+vβ⌋

A23. m,n 2 (α, β) ∈ [0, 1)2 (i, j) ∈ [m]× [n]

fi,j(α, β) :=

m∑
s=1

n∑
t=1

(⌊sα+ tβ⌋+ ⌊(i− s)α+ (j − t)β⌋)

P = (α, β) ∈ F (m,n) ϵ := min
(

δ1(P )
2(m+n) ,

δ2(P )
2(m+n−2)

)

(α′, β′) ∈ F (m,n) with ||(α′, β′) − (α, β)|| < ϵ (i, j) ∈ [m] × [n] fi,j(α
′, β′) = fi,j(α, β)

. fi,j(α, β) ⌊sα+ tβ⌋+ ⌊(i− s)α+(j− t)β⌋ 1 ⌊sα+ tβ⌋ 2 ⌊(i− s)α+(j− t)β⌋
1 ⌊sα + tβ⌋ s, t 1 ≤ s ≤ m, 1 ≤ t ≤ n A10 A11

F (m,n) = (0, 1)2 \ L(m,n) = (0, 1)2 \ L̃(m,n) ⊂ (0, 1)2 \ L̃1(m,n) A22 (1) s, t
⌊sα′+tβ′⌋ = ⌊sα+tβ⌋ 2 ⌊(i−s)α+(j−t)β⌋ i−s, j−t 1−m ≤ i−s ≤ m−1, 1−n ≤ j−t ≤ n−1

u = i− s, v = j − t |u| ≤ m− 1, |v| ≤ n− 1 ⌊(i− s)α+ (j − t)β⌋ = ⌊uα+ vβ⌋
F (m,n) ⊂ [0, 1)2 \ L̃2(m,n) A22 (2) u, v ⌊uα′ + vβ′⌋ = ⌊uα+ vβ⌋

s, t i, j ⌊(i− s)α′ + (j − t)β′⌋ = ⌊(i− s)α+ (j − t)β⌋

A24. m,n 2 P = (α, β) ∈ F (m,n) ϵ := min
(

δ1(P )
2(m+n) ,

δ2(P )
2(m+n−2)

)

(α′, β′) ∈ F (m,n) with ||(α′, β′)− (α, β)|| < ϵ (α, β) τm,n
α,β

(α′, β′) τm,n
α′,β′ τm,n

α,β = τm,n
α′,β′

. (i, j) ∈ [m]× [n] A23 fi,j (1) A23

τ(α,β)(i, j) ≡ fi,j(α, β) = fi,j(α
′, β′) ≡ τ(α′,β′)(i, j) mod mn

τ(α,β)(i, j), τ(α′,β′)(i, j) 1 mn τ(α,β)(i, j) = τ(α′,β′)(i, j)

A25 4

A25. m,n 2 S ⊂ L̃(m,n) D(S)
P,Q ∈ D(S) P τm,n

P Q τm,n
Q

P,Q ∈ F (m,n) E(P ) = E(Q) τm,n
P = τm,n

Q

. A16(cf. A15) (2) D(S) ( ) P Q
PQ PQ 2 P , Q PQ

PQ R D(S) ( ) ( )
d(R) D(S) 1, 2,. . ., k 1 ℓ1, 2

ℓ2, . . ., k ℓk ℓ1, ℓ2, . . . , ℓk L̃(m,n) κ = 1, 2, . . . , k
dκ(R) ℓκ R ( ) d(R) = minκ∈[k] dκ(R)

κ ∈ [k] dκ(R) PQ R PQ D(S)
dκ(R) > 0 d(R) PQ PQ PQ d(R)

minR∈PQ d(R) dPQ PQ R

d(R) ≥ dPQ > 0
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PQ D(S) [0, 1)2 PQ R A21
R L̃(m,n) min (δ1(R), δ2(R)) δ2(R) [0, 1]2

X = 0, Y = 0, X − 1 = 0, Y − 1 = 0
PQ R dPQ ≤ min (δ1(R), δ2(R)) PQ R

dPQ

2(m+n) ≤ min
(

δ1(R)
2(m+n) ,

δ2(R)
2(m+n)

)
≤ min

(
δ1(R)

2(m+n) ,
δ2(R)

2(m+n−2)

)
A24 PQ R

dPQ

2(m+n) R′ τR τR′ P

τP P PQ Q
dPQ

4(m+n) R τR

R PQ Q
dPQ

4(m+n) R′ τR τR′ τP = τR′

R′ PQ Q
dPQ

4(m+n) R′′ τR′ = τR′′

τP = τR′′ dPQ R (
dPQ

4(m+n) ) Q P τP Q

τQ
E(P ) = E(Q) A16 (3) ∃ S ⊂ L̃(m,n) s.t. D(S) = E(P ) = E(Q)

P,Q ∈ D(S) τm,n
P = τm,n

Q

A.6 6

6 A26

A26. m,n 2 P ∈ F (m,n) E(P ) L1(m,n)
sX + tY + r = 0( )

(1) P ∈ D+(sX + tY + r) τm,n
P (s, t) = 1.

(2) P ∈ D−(sX + tY + r) τm,n
P (s, t) = mn.

(3) L1(m,n) sX + tY + r′ = 0 r ̸= r′ sX + tY + r′ = 0
E(P )

. P = (α, β) ( sX + tY + r = 0 ) E(P )
P ′ = (α′, β′)
(1) P ∈ D+(sX+ tY + r) P ′ ∈ E(P ) sα′+ tβ′+ r > 0 P ′ sα′+ tβ′ > −r

sα′ + tβ′ −r {sα′ + tβ′} → +0 L̃1(m,n) (
1 = 0) sX + tY + r = 0 ( sX + tY + r = 0 )

(1 = 0) sX + tY + r = 0 12

∃ a ∈ Z≥2 s.t. asX + atY + ar ∈ L̃1(m,n) asX + atY + ar = 0 (i, j) ∈ [m]× [n]
{iα′ + jβ′} → +0 ∃ r′ ∈ Z s.t. iα′ + jβ′ + r′ → +0 iX + jY + r′ ∈ L̃1(m,n)

(i, j) (s, t) (i, j) = (as, at) {sα′ + tβ′} → +0
{asα′ + atβ′} = a{sα′ + tβ′} > {sα′ + tβ′} (i, j) ∈ [m]× [n] {iα′ + jβ′}

((α, β) ∈ F (m,n) {iα′ + jβ′} ̸= 0 ) {sα′ + tβ′}
τP ′(s, t) = 1 P ′ ∈ E(P ) E(P ′) = E(P ) A25 τP (s, t) = 1

(2) P ∈ D−(sX+ tY +r) P ′ ∈ E(P ) sα′+ tβ′+r < 0 P ′ −(sα′+ tβ′) > r
−(sα′ + tβ′) r {−(sα′ + tβ′)} → +0 (1) L̃1(m,n)

sX + tY + r = 0 ( sX + tY + r = 0 )
sX + tY + r = 0 ∃ a ∈ Z≥2 s.t. asX + atY + ar ∈ L̃1(m,n)

asX + atY + ar = 0 (i, j) ∈ [m]× [n] {−(iα′ + jβ′)} → +0 (i, j) = (s, t)
(i, j) = (as, at) {−(sα′+tβ′)} → +0 {a(−(sα′+tβ′))} = a{−(sα′+tβ′)} > {−(sα′+tβ′)}

γ {−γ} → +0 A6 {γ} = 1 − {−γ} → 1 − 0
{asα′ + atβ′} = 1− {a(−(sα′ + tβ′))} < 1− {−(sα′ + tβ′)} = {sα′ + tβ′} → 1− 0
(i, j) ∈ [m]× [n] {iα′ + jβ′} ((α, β) ∈ F (m,n) {iα′ + jβ′} ̸= 0 )

{sα′ + tβ′} τP ′(s, t) = mn P ′ ∈ E(P ) E(P ′) = E(P )
A25 τP (s, t) = mn

12 e e e E(P )
e ( ) L̃1(m,n) ℓ ℓ e E(P )

L̃(m,n) ( ) ℓ e ( ) e
ℓ e
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(3) sα + tβ + r 0 sα + tβ + r > 0 sα + tβ + r < 0
sX + tY + r′ ∈ L(m,n)with r′ ̸= r E(P ) sα+ tβ + r > 0
sα+ tβ + r′ < 0

r′ < r E(P ) P ′ = (α′, β′) sX + tY + r = 0
sα′ + tβ′ + r → +0 sα′ + tβ′ → −r sα′ + tβ′ + r′ → −r+ r′ < 0

r′ > r E(P ) P ′ = (α′, β′) sX + tY + r′ = 0
sα+ tβ+ r′ > 0 sα′+ tβ′+ r′ → +0 sα′+ tβ′ → −r′ sα′+ tβ′+ r → −r′+ r < 0

sα+ tβ + r > 0 sα+ tβ + r′ ≤ 0 sX + tY + r′ = 0
E(P ) sα+ tβ + r′ < 0

(1) (2) τP (s, t) = 1 τP (s, t) = mn mn ̸= 1
sX + tY + r′ ∈ L1(m,n)

sα+ tβ + r < 0 sα+ tβ + r′ > 0 ( ) r′ > r
E(P ) P ′ = (α′, β′) sX + tY + r = 0 sα′ + tβ′ + r → −0

sα′ + tβ′ → −r sα′ + tβ′ + r′ → −r + r′ > 0 r′ < r E(P )
P ′ = (α′, β′) sX + tY + r′ = 0 sα + tβ + r′ < 0

sα′ + tβ′ + r′ → −0 sα′ + tβ′ → −r′ sα′ + tβ′ + r → −r′ + r > 0
sα+ tβ+ r′ ≥ 0 sX + tY + r′ = 0 E(P ) sα+ tβ+ r′ > 0

sα + tβ + r′ > 0 τP (s, t) = 1 τP (s, t) = mn
sX + tY + r′ ∈ L1(m,n)

A.7 8

7 8
(α, β) ∈ R2 i, j, a, b ∈ Z {iα+ jβ} = {i(α+ a) + j(β + b)}

8 (P ∈ [0, 1)2 ) A27 (2)

A27. m,n 2
(1) P ∈ L1(m,n) \ L2(m,n) ∃ δ1, δ2 > 0 s.t. Q := P + (δ1, δ2) Q ∈ F (m,n)

τP = τQ .
(2)

{τm,n
P : τm,n

P , P ∈ [0, 1)2} = {τm,n
P : P ∈ F (m,n)}

. (1) P = (α, β) ∃ sX+tY +r ∈ L1(m,n) s.t. sα+tβ+r = 0 sX+tY +r ∈ L2(m,n)
A12 (3) s = m, t ∈ [n] with gcd(s, t, r) = 1 s ∈ [m], t = n with gcd(s, t, r) = 1
sX + tY + r X − 1 Y − 1 X,Y ∈ L2(m,n) sX + tY + r

X Y P ∈ (0, 1)2 L(m,n) P L(m,n)
(L1(m,n) \ L2(m,n) ) P sX + tY + r = 0

P = (α, β) (L1(m,n) \ L2(m,n) )sX + tY + r = 0
s′X + t′Y + r′ = 0 0 = sα + tβ + r = s′α + t′β + r′

(s− s′)α+ (t− t′)β + r− r′ = 0 ( (s− s′, t− t′) = (0, 0) r = r′

) (s− s′)X + (t− t′)Y + r − r′ ∈ L̃2(m,n) A10 P ∈ L̃2(m,n) = L2(m,n)
P L(m,n) sX + tY + r = 0

P ∈ (0, 1)2 sX + tY + r = 0
L1(m,n) X Y 13

δ1 > 0, δ2 > 0 with Q = (α + δ1, β + δ2) ∈ (0, 1)2 Q ∈ F (m,n)
sX + tY + r = 0 E(Q) PQ E(Q) δ1 > 0, δ2 > 0

δ1, δ2 Q P
PQ PQ sα+ tβ + r = 0 s(α+ δ1) + t(β + δ2) + r = sδ1 + tδ2 > 0

Q ∈ D+(sX + tY + r) A26 τQ(s, t) = 1
PQ R = (x, y) Q P (i, j), (i′, j′) ∈ [m] × [n] with

(i, j) ̸= (i′, j′) R = (x, y) (i, j, i′, j′ ) f(x, y) := {ix + iy} − {i′x+ j′y}
PQ ( )

f(x, y) = {ix+ iy} − {i′x+ j′y} PQ (
) (x, y) ix+ jy ∈ Z i′x+ j′y ∈ Z (x, y)

13X Y L2(m,n)
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PQ R = (x, y) P ix + jy ∈ Z i′x + j′y ∈ Z (i, j), (i′, j′)
ix + jy ∈ Z ∃ r ∈ Z s.t. iX + yY + r ∈ L̃1(m,n)

R ∈ E(P ) ⊂ F (m,n), (x, y) ̸∈ L̃1(m,n) (i′, j′) R = P ,
(x, y) = (α, β) f(x, y)

(i, j) ∈ [m]× [n] PQ R R → P , (x, y) → (α, β) ix+ jy −r′

iX + jY + r′ = 0 P E(Q) R = (x, y) P = (α, β)
P P E(Q) ( A26

) sX + tY + r = 0 1 sX + tY + r iX + jY + r′
14 (R = (x, y) → P ix+ jy −r′ ) (i, j) (s, t)

(i, j), (i′, j′) (s, t) f(x, y) := {ix+ iy} − {i′x+ j′y} PQ P

(i, j) = (s, t) Q ∈ D+(sX + tY + r) R = (x, y) → P {sx+ ty} → +0
R = P {sα+ tβ} = 0 PQ {sx+ ty} P (i′, j′) = (s, t)

(i, j), (i′, j′) ∈ [m] × [n] with (i, j) ̸= (i′, j′) PQ R = (x, y)
f(x, y) = {ix+ iy} − {i′x+ j′y} PQ ( )

R ̸= P R ∈ E(Q) A25 {ix+ jy}, (i, j) ∈ [m]× [n], R Q P
(i, j), (i′, j′) ∈ [m]× [n] with (i, j) ̸= (i′, j′) (Q = (α′, β′)

) {iα′ + jβ′} > {i′α′ + j′β′} {ix+ jy} > {i′x+ j′y} {ix+ iy}−{i′x+ j′y} PQ
( ) ({iα′+ jβ′} > {i′α′+ j′β′} ) R = P ( (x, y) = (α, β)

) {iα+ jβ} ≥ {i′α+ j′β} P ̸∈ L2(m,n) A19
{iα+ jβ} > {i′α+ j′β} PQ P R = (x, y)

(i, j), (i′, j′) ∈ [m]× [n] with (i, j) ̸= (i′, j′) {iα′ + jβ′} > {i′α′ + j′β′} {ix+ jy} > {i′x+ j′y}
PQ P R = (x, y) {ix + jy}

(i, j) ∈ [m]× [n] τQ(i, j) = τP (i, j)
(2) A := {τm,n

P : τm,n
P , P ∈ [0, 1)2}, B := {τm,n

P : P ∈ F (m,n)}
A19 P ∈ F (m,n) (P ̸∈ L2(m,n) )τP A ⊃ B

τP ∈ A A19 P ̸∈ L2(m,n) P ∈ [0, 1)2 \ L2(m,n)
P ∈ F (m,n) P ∈ L1(m,n) \ L2(m,n)

P ∈ F (m,n) τP ∈ B P ∈ L1(m,n) \L2(m,n) (1) τP ∈ B
A ⊂ B

A.8 7

A28. m,n 2 (α, β) ∈ (0, 1)2

(1) (α, β) ∈ L1(m,n) (1− α, 1− β) ∈ L1(m,n)
(2) (α, β) ∈ L2(m,n) (1− α, 1− β) ∈ L2(m,n) (1− α, β) ∈ L2(m,n) (α, 1− β) ∈ L2(m,n)

. A10 L1(m,n) = L̃1(m,n), L2(m,n) = L̃2(m,n)
(1) (α, β) ∈ L1(m,n) = L̃1(m,n) ∃ s, t ∈ Z with (s, t) ∈ [m] × [n] s.t. sα + tβ ∈ Z

∃ s, t ∈ Z with (s, t) ∈ [m] × [n] s.t. s(1 − α) + t(1 − β) ∈ Z
(1− α, 1− β) ∈ L1(m,n) = L̃1(m,n)

(2) (α, β) ∈ L2(m,n) = L̃2(m,n) ∃ u, v ∈ Z with |u| ≤ m − 1, |v| ≤ n − 1, (u, v) ̸= (0, 0)
s.t. uα + vβ ∈ Z ∃ u, v ∈ Z with |u| ≤ m − 1, |v| ≤ n − 1, (u, v) ̸= (0, 0)
s.t. u(1− α) + v(1− β) ∈ Z ∃ u, v ∈ Z with |u| ≤ m− 1, |v| ≤ n− 1, (u, v) ̸= (0, 0) s.t. u(1− α) + vβ ∈ Z
∃ u, v ∈ Z with |u| ≤ m− 1, |v| ≤ n− 1, (u, v) ̸= (0, 0) s.t. uα+ v(1− β) ∈ Z
(1− α, 1− β) ∈ L2(m,n) = L̃2(m,n) , (1− α, β) ∈ L2(m,n) = L̃2(m,n) , (α, 1− β) ∈ L2(m,n) = L̃2(m,n)

A29. m,n 2 P = (α, β) ∈ F (m,n) Q = (1− α, 1− β)
Q ∈ F (m,n) (i, j) ∈ [m]× [n] τm,n

P (i, j) + τm,n
Q (i, j) = mn+ 1

14 gcd(s, t, r) = 1 i, j, r′ s, t, r s = m t = n
i, j, r iX + jY + r′ ∈ L(m,n) (i, j, r′) = (s, t, r)
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. P ̸∈ L1(m,n) ∪ L2(m,n) A28 Q ̸∈ L1(m,n) ∪ L2(m,n)
Q = (1− α, 1− β) ̸∈ F (m,n) Q X − 1 = 0 Y − 1 = 0 α
β 0 P = (α, β) X = 0 Y = 0 X,Y ∈ L2(m,n)

P ̸∈ L2(m,n) Q ∈ F (m,n)
A19 τP (i, j), (s, t) ∈ [m]× [n] with (i, j) ̸= (s, t) {iα+ jβ} ̸=

{sα+ tβ} P ̸∈ L1(m,n) = L̃1(m,n) iα+ jβ, sα+ tβ A3
A6

{i(1− α) + j(1− β)} = {(i+ j)− (iα+ jβ)} = {−(iα+ jβ)} = 1− {iα+ jβ}

(i, j), (s, t) ∈ [m] × [n] with (i, j) ̸= (s, t) {iα + jβ} > {sα + tβ}
{i(1− α) + j(1− β)} < {s(1− α) + t(1− β)} ( )

τP (i, j) + τQ(i, j) =

m∑
s=1

n∑
t=1

(11 ({sα+ tβ} ≤ {iα+ jβ}) + 11 ({s(1− α) + t(1− β)} ≤ {i(1− α) + j(1− β)}))

= 2 +
∑

(s,t)∈[m]×[n]
(s,t) ̸=(i,j)

(11 ({sα+ tβ} < {iα+ jβ}) + 11 ({s(1− α) + t(1− β)} < {i(1− α) + j(1− β)}))

= 2 +
∑

(s,t)∈[m]×[n]
(s,t)≠(i,j)

(11 ({sα+ tβ} < {iα+ jβ}) + 11 ({sα+ tβ} > {iα+ jβ})) = 2 +
∑

(s,t)∈[m]×[n]
(s,t) ̸=(i,j)

1 = mn+ 1

(i, j) ∈ [m]× [n]

A30. m,n 2 P = (α, β) ∈ F (m,n) E(P )
L2(m,n) \ L1(m,n) uX + vY + r = 0( ) 1 ≤ u v ≤ −1

Q = (α, 1− β) Q ∈ F (m,n) 15

E(Q) 1 uX − vY + (v + r) = 0( )

(1) P ∈ D+(uX + vY + r) τm,n
Q (u,−v) = 1.

(2) P ∈ D−(uX + vY + r) τm,n
Q (u,−v) = mn.

. uX − vY + (v + r) (u,−v) ∈ [m] × [n] uX + vY + r = 0 E(P )
[0, 1]2 u, v 0 X = 0, Y = 0, X − 1 = 0, Y − 1 = 0

uX + vY + r = 0 (x, y) 2 xy ̸= 0 2
(x − 1)(y − 1) ̸= 0 ux + vy + r = 0 (x, y) ∈ (0, 1)2

ux−v(1−y)+(v+ r) = 0 uX+(−v)Y +(v+ r) ∈ L̃1(m,n) gcd(u,−v, v+ r) = k > 1
u = ku′,−v = k(−v′), v + r = kr′ (u′, v′, r′) ∈ Z gcd(u, v, r) ≥ k

uX+vY +r ∈ L2(m,n) gcd(u,−v, v+r) = 1 uX+(−v)Y +(v+r) ∈ L1(m,n)

(1) uα+vβ+r > 0 uα+(−v)(1−β)+(v+r) > 0 Q ∈ D+(uX+(−v)Y +(v+r))
A26 τQ(u,−v) = 1

(2) uα+ vβ+ r < 0 uα+(−v)(1−β)+ (v+ r) < 0, Q ∈ D−(uX +(−v)Y +(v+ r))
A26 τQ(u,−v) = mn

A31 7

A31. m,n 2 g : R2 → R2 2Y = 1
g(x, y) := (x, 1− y) P ∈ F (m,n) g(E(P )) E(P ) g

g(P ) ∈ F (m,n) g(E(P )) = E(g(P )), E(P ) X Y
E(P )

. E(P ) A17
Q = g(P ) E(P ) g g(E(P )) E(Q)

15P ̸∈ L2(m,n) A28 Q ̸∈ L2(m,n) P ̸∈ L1(m,n) \ L2(m,n) Q ∈ L1(m,n) \ L2(m,n)
Q (L1(m,n) \ L2(m,n) )P
Q ̸∈ L1(m,n) \ L2(m,n)
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g ◦ g : R2 → R2, (x, y) → (x, y), g(E(Q)) = g(g(E(P ))) = E(P )
g(Q) = g(g(P )) = P E(Q) g g(E(Q)) E(P ) = E(g(Q))

E(P ) L1(m,n) L2(m,n) \ L1(m,n)
E(P ) L1(m,n) 3 A26 τP
E(P ) L1(m,n) 2

E(P ) L2(m,n) \ L1(m,n) uX + vY + r = 0 X Y
u ̸= 0 v ̸= 0 L1(m,n) v ≤ −1

uX + vY + r = 0 A30 E(P )
E(P ) P1, P2 P1P2( P1P2 )

E(P ) P1P2 P1P2 P1P2

P ∗ = (α∗, β∗)
P ∗ ∈ E(P ) g(P ∗) ∈ g(E(P )) = E(Q) P ∗ ∈ D+(uX + vY + r)

uα∗ + vβ∗ + r → +0 uα∗ + (−v)(1− β∗) + (v + r) → +0
uX + (−v)Y + (v+ r) = 0 g(P ∗) ∈ g(E(P )) = E(Q)

uX +(−v)Y +(v+ r) = 0 E(Q)( ) uX +(−v)Y +(v+ r) = 0
E(Q) uX +(−v)Y +(v+ r) ∈ L1(m,n) 16

E(P ) (L2(m,n) \ L1(m,n) ) 3
E(Q) A26 L1(m,n) 3 τQ

E(P ) (L2(m,n) \ L1(m,n) ) 2
E(P ) 4

A32. A31 E(P ) g g(E(P )) g(E(P ))∩L1(m,n) ̸= ∅
g(E(P )) (g(P ) ∈ F (m,n) E(g(P )) ) E(g(P )) ̸= g(E(P ))

A31

A.9 9

Young 6 τm,n
P Young (i, j) ∈ [m−1]×[n]

τP (i+1, j) > τP (i, j) (i, j) ∈ [m]× [n− 1] τP (i, j+1) > τP (i, j)

A33. m,n 2 3 X = 0, Y = 0, mX + nY − 1 = 0
T (m,n)

T (m,n) := D−(mX + nY − 1) ∩D+(X) ∩D+(Y )

mX + nY − 1 = 0 2 ( 1
m , 0), (0, 1

n ) T (m,n) [0, 1]2 (0, 1)2

L2(m,n) A9

N (m,n) := {uX + vY ∈ L2(m,n) : u ∈ [m− 1],−v ∈ [n− 1]}

N(m,n) := {(x, y) ∈ (0, 1)2 : ∃ uX + vY ∈ N (m,n) s.t. ux+ vy = 0}

uX + vY ∈ N (m,n) L2(m,n) gcd(u, v, 0) = gcd(u, v) = 1 ∃ (x, y) ∈ [0, 1)2

s.t. ux+ vy = 0

A34. m,n 2 (1) (2)
(1) N (m,n) T (m,n) T (m,n) L(m,n) N (m,n)
(2) T (m,n) ∩ F (m,n) = T (m,n) \N(m,n).

. (1) T (m,n) L(m,n) N (m,n) X − 1 = 0,
Y − 1 = 0 T (m,n) (x, y) ∈ T (m,n) mx+ ny − 1 < 0,
mx+ ny < 1 x, y y < 1−mx

n < 1
n , x < 1−ny

m < 1
m

16gcd(u,−v, v + r) = 1 A30
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sX + tY + r ∈ L1(m,n) A12 (1) 1 ≤ s ≤ m, 1 ≤ t ≤ n, r ≤ 0

sx+ ty < sx+ t
1−mx

n
=

snx+ t− tmx

n
=

(sn− tm)x+ t

n
≤

max
(
(sn− tm) 1

m , 0
)
+ t

n

=
max

(
s n
m − t, 0

)
+ t

n
=

max
(
s n
m , t

)
n

= max

(
s

m
,
t

n

)
≤ 1

sx + ty − 1 < 0 r ≤ −1 (x, y) ∈ D−(sX + tY + r) T (m,n) ⊂
D−(sX + tY + r) sX + tY + r ∈ L1(m,n) with r ̸= 0 T (m,n)

(x, y) ∈ T (m,n) sx+ty > 0 T (m,n) ⊂ D+(sX+tY ) sX+tY +r ∈ L1(m,n)
with r = 0 T (m,n)

L1(m,n) T (m,n)
uX + vY + r ∈ L2(m,n)
u = 0 v ̸= 0 ux+ vy + r = 0 vy + r = 0 y = −r

v y > 0
y ≥ 1

|v| ≥
1

n−1 y < 1
n u = 0 uX + vY + r = 0 T (m,n)

v = 0 u ̸= 0 ux+ vy + r = 0 ux+ r = 0 x = −r
u x > 0

x ≥ 1
|u| ≥

1
m−1 x < 1

m v = 0 uX + vY + r = 0 T (m,n)

u, v uX + vY + r ∈ L1(m,n) uX + vY + r = 0 T (m,n)

v < 0 (u = 0 )u > 0
r ̸= 0 uX + vY + r = 0 (−r

u , 0), (0, −r
v ) 2

r ≥ 1 −r
v ≥ 1

n−1 uX + vY + r = 0 Y 1
n

T (m,n)
r ≤ −1 −r

u ≥ 1
m−1 uX + vY + r = 0 X 1

m

T (m,n)
T (m,n) L2(m,n) uX + vY + r = 0 with u > 0, v < 0, r = 0

T (m,n) L(m,n) N (m,n)
r = 0 ϵ with 0 < ϵ < 1

m
u + n

−v
P = ( ϵ

u ,
ϵ

−v ) uX + vY = 0

m ϵ
u + n ϵ

−v = ϵ(mu + n
−v ) < 1 P ∈ D−(mX + nY − 1) P ∈ D+(X)∩D+(Y )

P ∈ T (m,n), uX + vY = 0 T (m,n) N (m,n) T (m,n)
(1)

(2) T (m,n), L(m,n), N(m,n), F (m,n) T , L, N F
P ∈ T ∩ F ⇒ P ∈ T P ̸∈ L ⇒ (N ⊂ L ) P ∈ T P ̸∈ N ⇒ P ∈ T \N .

P ∈ T \N ⇒ P ∈ T P ̸∈ N P ∈ T P ∈ L (1) P ∈ N
(P ∈ T P ̸∈ N )P ̸∈ L P ̸∈ F P ̸∈ L P X − 1 = 0

Y − 1 = 0 P ∈ T P ∈ F P ∈ T ∩ F

A35. m,n 2 P ∈ F (m,n) τm,n
P Young P ∈

D−(X + Y − 1)

. Young τP (i, j) ∈ [m− 1]× [n]
τP (i + 1, j) < τP (i, j) (i, j) ∈ [m] × [n − 1] τP (i, j + 1) < τP (i, j) τP Young

P = (α, β) ∈ F (m,n) Q = (1 − α, 1 − β) A29 Q ∈ F (m,n)
(i, j) ∈ [m]×[n] τP (i, j) = mn+1−τQ(i, j) τP Young ⇔ (i, j) ∈ [m−1]×[n]
mn+1−τQ(i+1, j) < mn+1−τQ(i, j) (i, j) ∈ [m]×[n−1] mn+1−τQ(i, j+1) < mn+1−τP (i, j)

⇔ τQ Young
P = (α, β) ∈ D−(X + Y − 1) ⇔ α+ β − 1 < 0 ⇔ (1−α) + (1− β)− 1 > 0 ⇔ Q ∈ D+(X + Y − 1)
τP Young P ∈ D−(X + Y − 1) ⇔ τQ Young Q ∈ D+(X + Y − 1)

τP Young P ∈ D−(X + Y − 1) τQ
Young Q ∈ D+(X + Y − 1) F (m,n) ⊂ D−(X + Y − 1) ∪D+(X + Y − 1)

τP Young P ∈ D−(X + Y − 1)
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(τP ) {(i+ 1)α+ jβ} < {iα+ jβ} τP (i+ 1, j) < τP (i, j)
17

τP Young (i, j) ∈ [m − 1] × [n] {(i + 1)α + jβ} < {iα + jβ}
(i, j) ∈ [m]× [n− 1] {iα+ (j + 1)β} < {iα+ jβ} A5

(i, j) ∈ [m− 1]× [n] 1− ⌊(i+ 1)α+ jβ⌋+ ⌊iα+ jβ⌋+ ⌊α⌋ = 0
(i, j) ∈ [m]× [n− 1] 1− ⌊iα+ (j + 1)β⌋+ ⌊iα+ jβ⌋+ ⌊β⌋ = 0

α, β > 0 α+ β < 1 ⌊α⌋ = ⌊β⌋ = 0

(i, j) ∈ [m− 1]× [n] ⌊(i+ 1)α+ jβ⌋ = 1 + ⌊iα+ jβ⌋
(i, j) ∈ [m]× [n− 1] ⌊iα+ (j + 1)β⌋ = 1 + ⌊iα+ jβ⌋

f(i, j) := ⌊iα+jβ⌋ f(1, 1) = ⌊α+β⌋ = 0 f(i+1, j)−f(i, j) = 1, f(i, j+1)−f(i, j) = 1
f(m, 1) − f(1, 1) = m − 1, f(m,n) − f(m, 1) = n − 1 ⌊mα + nβ⌋ = f(m,n) = m + n − 2

(α, β) ∈ F (m,n) mα + nβ m + n − 2 < mα + nβ
P = (α, β) ∈ D+(mX + nY − (m + n − 2)) mX + nY − (m + n − 2) = 0 2

(m+n−2
m , 0), (0, m+n−2

n ) m,n 2 m+n−2
m

m+n−2
n 1

D+(mX + nY − (m+ n− 2)) ∩D−(X + Y − 1) P ∈ D−(X + Y − 1) τP
Young

A36 9

A36. m,n 2 P ∈ F (m,n) (1) (2)
(1) τm,n

P Young
(2) P ∈ T (m,n).

. (2)⇒(1) P = (α, β) ∈ T (m,n) ∩ F (m,n) 0 < mα + nβ < 1 α, β > 0
(i, j) ∈ [m − 1] × [n] 0 < iα + jβ < (i + 1)α + jβ < 1, {iα + jβ} < {(i + 1)α + jβ}

τP (i, j) < τP (i + 1, j) (i, j) ∈ [m] × [n − 1] 0 < iα + jβ < iα + (j + 1)β < 1,
{iα+ jβ} < {iα+ (j + 1)β} τP (i, j) < τP (i, j + 1) (1)

(2) ⇒(1) A35 P ∈ D−(X +Y − 1) τP Young
(1) ((2) )P ∈ D−(X +Y − 1) P ̸∈ T (m,n)
P ∈ D−(X + Y − 1) P ∈ D+(mX + nY − 1) α+ β < 1 mα+ nβ > 1

mα+nβ > 1 (i, j) ∈ [m]× [n] (P ∈ F (m,n) (i, j) ∈ [m]× [n]
iα+ jβ )

(i, j) ∈ [m− 1]× [n] iα+ jβ < 1 < (i+ 1)α+ jβ
(i, j) ∈ [m]× [n− 1] iα+ jβ < 1 < iα+ (j + 1)β

f(i, j) := iα+ jβ f(i, j)
(i, j) ∈ [m]× [n] (i, j) ∈ [m]× [n]

(i, j) ̸∈ [m− 1]× [n] ([f(i, j) < 1 < f(i+ 1, j)] )
(i, j) ̸∈ [m]× [n− 1] ([f(i, j) < 1 < f(i, j + 1)] )

(i, j) (i, j) ̸∈ [m − 1] × [n] (⇔
(i, j) ∈ [m − 1] × [n] ) ([f(i, j) < 1 < f(i + 1, j)] ) (i, j) ∈ [m − 1] × [n]
[f(i, j) < 1 1 < f(i+1, j) ] (i, j) ∈ [m]× [n− 1] [f(i, j) < 1

1 < f(i, j+1) ] α+β < 1 f(1, 1) < 1 ((i, j) ∈ [m− 1]× [n]
[f(i, j) < 1 1 < f(i + 1, j) ] ) 1 < f(2, 1) f(2, 1) < 1
(f(2, 1) < 1 ) f(3, 1) < 1 f(1, 1), f(2, 1), . . . , f(m− 1, 1)

1 f(m, 1) < 1 ((i, j) ∈ [m]× [n− 1] [f(i, j) < 1
1 < f(i, j + 1) ] ) 1 < f(m, 2) f(m, 2) < 1 (f(m, 2) < 1
)f(m, 3) < 1 f(m, 1), f(m, 2), . . . , f(m,n − 1) 1

f(m,n) = mα+ nβ < 1 (i, j) ∈ [m]× [n]

17 {(i+ 1)α+ jβ} < {iα+ jβ} τP (i+ 1, j) < τP (i, j)
τP (i+ 1, j) < τP (i, j) k = τP (i, j) {sα+ tβ}, (s, t) ∈ [m]× [n]

{iα+ jβ} k {iα+ jβ} τP (i, j)
{(i+ 1)α+ jβ} τP (i+ 1, j) τP (i+ 1, j) < τP (i, j) {(i+ 1)α+ jβ} < {iα+ jβ}
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(i, j) ∈ [m]× [n] iα+ jβ < 1 < (i+1)α+ jβ
iα+ jβ < 1 < iα+ (j +1)β iα+ jβ < 1 < (i+1)α+ jβ 0 < α < 1
(i+1)α+ jβ = iα+ jβ+α < 2 {(i+1)α+ jβ} = (i+1)α+ jβ− 1 = iα+ jβ− (1−α) <

iα + jβ = {iα + jβ} τP (i + 1, j) < τP (i, j) τP Young
iα + jβ < 1 < iα + (j + 1)β 0 < β < 1 iα + jβ = iα + jβ + β < 2
{iα+ (j + 1)β} = iα+ (j + 1)β − 1 = iα+ jβ − (1− β) < {iα+ jβ} τP (i, j + 1) < τP (i, j)

τP Young (1)

A.10 10

A37. m,n 2 P,Q ∈ F (m,n) P,Q τm,n
P , τm,n

Q

Young (1) (2)
(1) P Q τm,n

P = τm,n
Q .

(2) P Q E(P ) = E(Q).

. A25 (2) (1) (1) (2) (1) τP τQ Young
A36 P,Q ∈ T (m,n) P,Q ∈ F (m,n) P,Q ∈ T (m,n) ∩ F (m,n)
(2) (1) ( )

N (m,n) uX+vY = 0(⇔ Y = u
−vX) u

−v
a
b with (a, b) ∈ [m−1]×[n−1],

gcd(a, b) = 1 N (m,n) (ab �→ aX − bY )
A34 T (m,n) ∩ F (m,n) T (m,n) (0, 0) Y = u

−vX

T (m,n) ∩ F (m,n) ( Y = 0, X = 0 N (m,n) )
mX + nY = 1

a
b with (a, b) ∈ [m− 1]× [n− 1], gcd(a, b) = 1

0 = 0
1 m = m

1 3 a0

b0
< a

b < a1

b1
(a, b) = (1, n− 1)

(a0, b0) = (0, 1) (a, b) = (m− 1, 1) (a1, b1) = (m, 1), ((a0, b0) = (0, 1)
Y = 0 ) (a1, b1) = (m, 1) a1X − b1Y = 0 X = 0

2 P, P ′ ∈ T (m,n) ∩ F (m,n) aX − bY = 0
P ∈ D−(a0X − b0Y ) ∩ D+(aX − bY ) ∩ D−(mX + nY − 1) = E(P ), P ′ ∈ D−(aX − bY ) ∩ D+(a1X − b1Y ) ∩
∩D−(mX + nY − 1) = E(P ′)

U = D−(a0X − b0Y ) ∩D+(a1X − b1Y ) ∩D−(mX + nY − 1)

U E(P ) E(P ′) E(P ) E(P ′) U
U E(P ) ∪ E(P ′) ⊂ U U N (m,n) aX − bY = 0

P = (α, β), P ′ = (α′, β′) (s, t) ∈ [m] × [n] 0 < sα + tβ ≤ mα + nβ < 1
⌊sα+ tβ⌋ = 0 (1) i ∈ [m]

τP (i, 1) = mn(1− ⌊iα+ β⌋) +
m∑
s=1

n∑
t=1

(⌊sα+ tβ⌋+ ⌊(i− s)α+ (1− t)β⌋) = mn+

m∑
s=1

n∑
t=1

⌊(i− s)α+ (1− t)β⌋

m∑
i=1

τP (i, 1) = m2n+

m∑
i=1

m∑
s=1

n∑
t=1

⌊(i− s)α+ (1− t)β⌋

∑m
i=1 τP ′(i, 1)

m∑
i=1

τP (i, 1)−
m∑
i=1

τP ′(i, 1) =

m∑
i=1

m∑
s=1

n∑
t=1

(⌊(i− s)α+ (1− t)β⌋ − ⌊(i− s)α′ + (1− t)β′⌋) (6)

0 < sα+ tβ ≤ mα+nβ < 1 −1 < (i− s)α+(1− t)β = (iα+β)− (sα+ tβ) < 1

⌊(i− s)α+ (1− t)β⌋ =

{
0 if 0 ≤ (i− s)α+ (1− t)β,

−1 if (i− s)α+ (1− t)β < 0,
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P ′

P ∈ D+(aX − bY ), P ′ ∈ D−(aX − bY )

aα− bβ > 0, aα′ − bβ′ < 0

(i, s, t) ∈ [m]2 × [n] (6) ( )
( )

( ) (i, s, t) ∈ [m]2 × [n] i− s 1− t 0 i−s
t−1 = a

b

i− s < 0 a, b > 0 t− 1 < 0, t < 1 i− s > 0
a, b > 0 t− 1 > 0 aα− bβ > 0 (i− s)α+ (1− t)β > 0 aα′ − bβ′ < 0

(i− s)α′ + (1− t)β′ < 0

⌊(i− s)α+ (1− t)β⌋ = 0, ⌊(i− s)α′ + (1− t)β′⌋ = −1

( ) (i, s, t) ∈ [m]2 × [n] (a, b) ∈ [m− 1]× [n− 1]
i := a + 1, s := 1, t := b + 1 2 ≤ a + 1 ≤ i ≤ n, 2 ≤ b + 1 ≤ t ≤ n i−s

t−1 = a
b

i− s ̸= 0 t− 1 ̸= 0 i−s
t−1 = a

b (i, s, t) ∈ [m]2 × [n] i− s 1− t 0

( ) (i, s, t) ∈ [m]2 × [n] i− s 1− t 0 i−s
t−1 ̸= a

b

(i−s)X+(1−t)Y ∈ L̃2(m,n) (i−s)X+(1−t)Y = 0 ( aX−bY = 0 18

A34 )U U Q ∈ U Q ∈ D+((i− s)X+(1− t)Y )
Q ∈ D−((i − s)X + (1 − t)Y ) U ⊂ D+((i − s)X + (1 − t)Y )

U ⊂ D−((i − s)X + (1 − t)Y ) (i − s)α + (1 − t)β > 0 (i − s)α′ + (1 − t)β′ > 0
(i− s)α+ (1− t)β < 0 (i− s)α′ + (1− t)β′ < 0

⌊(i− s)α+ (1− t)β⌋ = ⌊(i− s)α′ + (1− t)β′⌋

( ) (i, s, t) ∈ [m]2 × [n] i − s ̸= 0 1 − t = 0 (i − s)X ∈ L̃2(m,n) aX − bY = 0
( ) U (i − s ) (i − s)α > 0 (i − s)α′ > 0

(i− s)α < 0 (i− s)α′ < 0 (i− s ̸= 0 1− t = 0 )

⌊(i− s)α+ (1− t)β⌋ = ⌊(i− s)α′ + (1− t)β′⌋

( ) (i, s, t) ∈ [m]2 × [n] i − s = 0 1 − t ̸= 0 (1 − t)Y ∈ L̃2(m,n) aX − bY = 0
( ) U (1 − t ) (1 − t)β > 0 (1 − t)β′ > 0

(1− t)β < 0 (1− t)β′ < 0 (i− s = 0 1− t ̸= 0 )

⌊(i− s)α+ (1− t)β⌋ = ⌊(i− s)α′ + (1− t)β′⌋

( ) (i, s, t) ∈ [m]2×[n] i−s = 0 1−t = 0 ⌊(i−s)α+(1−t)β⌋ = 0 = ⌊(i−s)α′+(1−t)β′⌋

(6) ( ) 0 ( )
(i, s, t) ∈ [m]2 × [n] (6)

m∑
i=1

τP (i, 1) >

m∑
i=1

τP ′(i, 1)

P T (m,n) ∩ F (m,n) (0, 0)
P τP

∑m
i=1 τP (i, 1) (P

) P,Q ∈ T (m,n) ∩ F (m,n) E(P ) ̸= E(Q)

18 (i− s)X + (1− t)Y = 0 aX − bY = 0 i−s
t−1

= a
b

i−s
t−1

̸= a
b
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τP ̸= τQ (1) τP = τQ Young (2)
τP ̸= τQ (1) (2)

A.11 11

A38. m,n 2 R(m,n)

R(m,n) := {a
b

: (a, b) ∈ [m− 1]× [n− 1], gcd(a, b) = 1}

N (m,n)

N (m,n) → R(m,n)
uX + vY �→ u

−v

:

R(m,n) A37 A34 A36 11

A39. m,n 2 N R(m,n) N = |R(m,n)| R(m,n)
c1 < c2 < · · · < cN c0 = 0 cN+1 = ∞

P = (α, β), P ′ = (α′, β′) F (m,n) P, P ′ τm,n
P , τm,n

P ′ Young
(1) (2)

(1) ∃ k ∈ {0, 1, . . . , N} s.t. β
α ,

β′

α′ (ck, ck+1)
(2) P P ′ τm,n

P = τm,n
P ′ .

F (m,n) Young N + 1

. ck
ak

bk
, ak, bk P = (α, β) ∈ T (m,n) ∩ F (m,n)

ck < β
α < ck+1 ⇔ ckα − β < 0 < ck+1α − β ⇔ akα − bkβ < 0 ak+1α − bk+1 > 0 ⇔ P ∈

D−(akX − bkY ) ∩D+(ak+1X − bk+1Y ) ∩D−(mX + nY − 1) ck = 0 akX − bkY
−Y ck+1 = ∞ ak+1X − bk+1Y X

N (m,n) R(m,n) (1) T (m,n) ∩ F (m,n)
E(P ) E(P ′) E(P ) = E(P ′) A37

A.12 A16

A L̃(m,n) A16 A16

. L̃(m,n) A12

M̃1 := {sX + tY + r : (s, t, r) ∈ Z3 with s ∈ [m], t ∈ [n],−(s+ t) + 1 ≤ r ≤ 0}
M̃0,+

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u = 0, v ∈ [n− 1],−v + 1 ≤ r ≤ 0}
M̃0,−

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u = 0,−v ∈ [n− 1], 0 ≤ r ≤ −v − 1}
M̃+,0

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u ∈ [m− 1], v = 0,−u+ 1 ≤ r ≤ 0}
M̃−,0

2 := {uX + vY + r : (u, v, r) ∈ Z3 with − u ∈ [m− 1], v = 0, 0 ≤ r ≤ −u− 1}
M̃+,+

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u ∈ [m− 1], v ∈ [n− 1],−(u+ v) + 1 ≤ r ≤ 0}
M̃+,−

2 := {uX + vY + r : (u, v, r) ∈ Z3 with u ∈ [m− 1],−v ∈ [n− 1],−u+ 1 ≤ r ≤ −v − 1}
M̃−,−

2 := {uX + vY + r : (u, v, r) ∈ Z3 with − u ∈ [m− 1],−v ∈ [n− 1], 0 ≤ r ≤ −(u+ v)− 1}
M̃−,+

2 := {uX + vY + r : (u, v, r) ∈ Z3 with − u ∈ [m− 1], v ∈ [n− 1],−v + 1 ≤ r ≤ −u− 1}

L̃1(m,n) ⊂ M̃1, L̃2(m,n) ⊂ M̃0,+
2 ∪ M̃0,−

2 ∪ M̃+,0
2 ∪ M̃−,0

2 ∪
M̃+,+

2 ∪ M̃+,−
2 ∪ M̃−,−

2 ∪ M̃−,+
2

L̃1 = L̃1(m,n), L̃2 = L̃2(m,n)
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sX+tY +r ∈ L̃1 ∃ (α, β) ∈ [0, 1)2 s.t. sα+tβ+r = 0 (s, t) ∈ [m]×[n] −r = sα+tβ < s+t
−r = sα+ tβ ≥ 0 r 0 ≤ −r ≤ s+ t− 1 sX + tY + r ∈ M̃1

uX + vY + r ∈ L̃2 ( ) ( ) ∃ (α, β) ∈ [0, 1)2 s.t. uα+ vβ + r = 0
(α, β)

( ) u = 0, 1 ≤ v ≤ n− 1 u = 0 −r = vβ < v −r = vβ ≥ 0 v, r
0 ≤ −r ≤ v − 1 uX + vY + r ∈ M̃0,+

2

( ) u = 0, −(n − 1) ≤ v ≤ −1 u = 0 −r = vβ 0 ≥ −r > v v, r
0 ≥ −r ≥ v + 1 uX + vY + r ∈ M̃0,−

2

( ) 1 ≤ u ≤ m − 1, v = 0 v = 0 −r = uα 0 ≤ −r < u u, r
0 ≤ −r ≤ u− 1 uX + vY + r ∈ M̃+,0

2

( ) −(m − 1) ≤ u ≤ −1, v = 0 v = 0 −r = uα 0 ≥ −r > u u, r
0 ≥ −r ≥ u− 1 uX + vY + r ∈ M̃−,0

2

( ) 1 ≤ u ≤ m− 1, 1 ≤ v ≤ n− 1 −r = uα+ vβ 0 ≤ −r < u+ v u, v, r
0 ≤ −r ≤ u+ v − 1 uX + vY + r ∈ M̃+.+

2

( ) 1 ≤ u ≤ m− 1, −(n− 1) ≤ v ≤ −1 −r = uα+ vβ v < −r < u u, v, r
v + 1 ≤ −r ≤ u− 1 uX + vY + r ∈ M̃+.−

2

( ) −(m− 1) ≤ u ≤ −1, −(n− 1) ≤ v ≤ −1 −r = uα+ vβ u+ v < −r ≤ 0 u, v, r
u+ v + 1 ≤ −r ≤ 0 uX + vY + r ∈ M̃−.−

2

( ) −(m− 1) ≤ u ≤ −1, 1 ≤ v ≤ n− 1 −r = uα+ vβ u < −r < v u, v, r
u+ 1 ≤ −r ≤ v − 1 uX + vY + r ∈ M̃−.+

2

L̃1(m,n) ⊂ M̃1, L̃2(m,n) ⊂ M̃0,+
2 ∪ M̃0,−

2 ∪ M̃+,0
2 ∪ M̃−,0

2 ∪ M̃+,+
2 ∪ M̃+,−

2 ∪ M̃−,−
2 ∪ M̃−,+

2

L̃(m,n)
( S L S̃ ) S̃ ⊂ L̃

D(S̃) :=


 ∩

aX+bY+c∈S̃

D+(aX + bY + c)


 ∩




∩
aX+bY +c

∈L̃(m,n)\S̃

D−(aX + bY + c)


 ∩ (0, 1)2

L(m,n) L̃(m,n) L̃(m,n) 1
aX + bY + c ∈ L̃1(m,n) sX + tY + r ∈ L1(m,n)

aX + bY + c sX + tY + r D+(aX + bY + c) = D+(sX + tY + r)
aX + bY + c ∈ L̃2(m,n) uX + vY + r ∈ L2(m,n) a ≥ 0

aX + bY + c uX + vY + r D+(aX + bY + c) = D+(sX + tY + r) a < 0
aX + bY + c uX + vY + r D+(uX + vY + r) = D−(aX + bY + c)

S ⊂ L(m,n)

S̃ := {aX + bY + c ∈ L̃(m,n) :

a ≥ 0 aX + bY + c = 0 1 S
a < 0 aX + bY + c = 0

1 L(m,n) \ S
} (7)

D(S̃) = D(S)
aX + bY + c ∈ S̃1 aX + bY + c = 0 X 1

S̃1 aX + bY + c = 0 X 1 L̃(m,n) \ S̃1

S̃1 ⊂ L̃(m,n)

S := {aX + bY + c ∈ L(m,n) : aX + bY + c = 0 1 S̃1 }

S D(S) = D(S̃1) S (7)
S̃ S̃1

S ⊂ L(m,n) (7) L̃(m,n) S̃
aX + bY + c ∈ S̃ aX + bY + c = 0 X 1 L̃(m,n) \ S̃

aX + bY + c = 0 X 1 S̃
D(S̃) = ∅ X ̸∈ S D(S) ⊂ D−(X) ∩ (0, 1)2 = ∅

∅ ∈ {D(S) : S ⊂ L(m,n)}
( ) {D(S) : S ⊂ L(m,n)} = {D(S̃) : S̃ ⊂ L̃(m,n)}
S̃ ⊂ L̃(m,n) D(S̃) D(S̃) = D(S) S ⊂ L(m,n)
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A10 A15 A16

A15 gcd(s, t, r) = 1, gcd(u, v, r) = 1 A15
L L̃ L̃ A15

B

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

1: L(4, 4)

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

2: LF (4, 4)

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

3: L(4, 4) \ LF (4, 4)

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

4: L(2, 3)
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1: 2 ≤ n ≤ m ≤ 10 , , , , 3 , 4 (r, v, e,△,□)
m = 2 m = 3 m = 4 m = 5 m = 6 m = 7 m = 8 m = 9 m = 10

n = 2

r = 16
v = 13
e = 28
△ = 16
□ = 0

r = 58
v = 39
e = 96
△ = 52
□ = 6

r = 132
v = 83
e = 214
△ = 116
□ = 16

r = 272
v = 173
e = 444
△ = 224
□ = 48

r = 464
v = 285
e = 748
△ = 388
□ = 76

r = 748
v = 469
e = 1216
△ = 600
□ = 148

r = 1112
v = 687
e = 1798
△ = 900
□ = 212

r = 1620
v = 1007
e = 2626
△ = 1288
□ = 332

r = 2184
v = 1345
e = 3528
△ = 1748
□ = 436

n = 3

r = 180
v = 107
e = 286
△ = 164
□ = 16

r = 460
v = 283
e = 742
△ = 376
□ = 84

r = 888
v = 533
e = 1420
△ = 740
□ = 148

r = 1556
v = 949
e = 2504
△ = 1248
□ = 308

r = 2430
v = 1469
e = 3898
△ = 1968
□ = 462

r = 3786
v = 2335
e = 6120
△ = 2956
□ = 830

r = 5208
v = 3155
e = 8362
△ = 4172
□ = 1036

r = 7338
v = 4531
e = 11868
△ = 5688
□ = 1650

n = 4

r = 1032
v = 619
e = 1650
△ = 852
□ = 180

r = 2138
v = 1303
e = 3440
△ = 1704
□ = 434

r = 3628
v = 2211
e = 5838
△ = 2872
□ = 756

r = 5744
v = 3507
e = 9250
△ = 4524
□ = 1220

r = 8686
v = 5305
e = 13990
△ = 6820
□ = 1866

r = 12470
v = 7675
e = 20144
△ = 9660
□ = 2810

r = 16782
v = 10259
e = 27040
△ = 13124
□ = 3658

n = 5

r = 4148
v = 2491
e = 6638
△ = 3356
□ = 792

r = 7324
v = 4497
e = 11820
△ = 5700
□ = 1624

r = 11368
v = 6885
e = 18252
△ = 9024
□ = 2344

r = 17560
v = 10813
e = 28372
△ = 13560
□ = 4000

r = 24718
v = 15107
e = 39824
△ = 19300
□ = 5418

r = 33794
v = 20775
e = 54568
△ = 26124
□ = 7670

n = 6

r = 12264
v = 7467
e = 19730
△ = 9644
□ = 2620

r = 19772
v = 12161
e = 31932
△ = 15284
□ = 4488

r = 29842
v = 18331
e = 48172
△ = 23092
□ = 6750

r = 42324
v = 26033
e = 68356
△ = 32664
□ = 9660

r = 57422
v = 35295
e = 92716
△ = 44344
□ = 13078

n = 7

r = 30828
v = 18739
e = 49566
△ = 24252
□ = 6576

r = 47526
v = 29303
e = 76828
△ = 36528
□ = 10998

r = 66888
v = 41031
e = 107918
△ = 51808
□ = 15080

r = 91264
v = 56221
e = 147484
△ = 70188
□ = 21076

n = 8

r = 71376
v = 43857
e = 115232
△ = 55128
□ = 16248

r = 101906
v = 62875
e = 164780
△ = 78164
□ = 23742

r = 137824
v = 84869
e = 222692
△ = 106020
□ = 31804

n = 9

r = 142952
v = 87707
e = 230658
△ = 110604
□ = 32348

r = 196364
v = 121287
e = 317650
△ = 150276
□ = 46088

n = 10

r = 265060
v = 163235
e = 428294
△ = 203780
□ = 61280
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